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Chapter 9 
 

Electromagnetic 

Actuators & Machines 

- Basic Mechatronic Units 
 
 
 
 
 

A Summary... 
 
This chapter examines the physics, background theory and performance characteristics 
of a range of electromagnetic devices that are commonly used in industrial applications 
to convert electrical energy into some form of mechanical movement.  The basic 
devices introduced herein are used to generate one of the most fundamental 
mechatronic elements, the servo motor positioning system.  The chapter also examines 
how the all the basic elements (computer, interface hardware, transducers, software, 
actuators, etc.) can be brought together to form a closed-loop mechatronic system that 
is commonly used in robotics, CNC machines and many other industrial applications. 
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9.1 Introduction to Electromagnetic Devices 
 
 Electromagnetic devices, placed under some form of computer control, such as in 
the case of servo motor drives, are one of the most convenient ways of converting 
electrical signals into mechanical movements with a high degree of accuracy and a low 
level of acoustic noise.  Electromagnetic devices are one of the most prolific elements 
in modern mechatronic systems including robots, CNC machines and precision 
actuators.  In low to medium power applications, they can be economically used to 
replace hydraulics and pneumatics, thereby leading to reductions in noise emission and 
an increase in the degree of control over the end system.  However, in order to 
comprehend the design and performance of the "intelligent" motor control system, it is 
first necessary to come to terms with basic electromagnetic principles and the 
architecture and performance of the machines themselves. 
 
 A complete analysis of the many electrical, electromagnetic and mechanical 
characteristics of the machines described herein is outside the scope of this book.  The 
purpose of this chapter is to summarise and review the basic characteristics peculiar to 
the different types of electromagnetic machines and to show how these characteristics 
can be harnessed through intelligent control strategies.  As a starting point, it can be 
noted that all of the machines that we will examine in this chapter can also be 
considered as transducers that convert electrical energy to mechanical energy (or vice-
versa).  When these machines convert electrical energy to mechanical energy then they 
are said to be motors and when they convert mechanical energy to electrical energy 
they are said to be generators.  Despite the apparent physical differences between the 
electrical machines that we shall explore herein, the basic principles of energy 
conversion are similar.  All the machines use the coupling of magnetic and/or 
electromagnetic fields in order to convert from electrical energy to mechanical energy 
and vice versa.  As with all forms of energy conversion, there are losses that need to be 
considered in the process and these are shown in Figure 9.1. 
 
 

Electrical Magnetic
System System

Mechanical
System

Electrical Energy
Losses

Field Losses Mechanical Energy
Losses

Electrical
Input or
Output

Mechanical
Input or
Output

Generator

Motor

 
 

Figure 9.1 - Energy Conversion in Electrical Machines 
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 All the electrical machines discussed in this chapter follow the energy conversion 
processes shown in Figure 9.1 and all the machines suffer from the same characteristic 
losses that diminish their efficiency and contribute to unwanted heat.  In order to 
understand the energy conversion and loss mechanisms described in Figure 9.1, it is 
first necessary to review the fundamental physical relationships that govern 
electromechanical energy conversion in all machines.  These are summarised below, 
together with some common definitions used in machine theory. 
 
 
(i) Right Hand Thumb Rule 
 

One of the most basic rules of field theory is the so-called "thumb" or "right hand 
thumb" rule.  It is most readily understood by referring to Figure 9.2. 
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Figure 9.2 - Magnetic Field Induced Around 
a Current Carrying Conductor 

 
 

The thumb rule is used to determine the direction of the magnetic field intensity 
vector (H) surrounding a conductor that carries a current (i).  In order to apply the 
rule, one grasps the conductor in the right hand, with the thumb pointing in the 
direction of current flow.  The fingers curl around the conductor and the finger 
tips indicate the direction of the magnetic field intensity. 

 
 
(ii) Turns, Coils and Windings 
 

A "turn" is hereafter defined as two conductors that are joined at one end or 
alternatively as a single, unclosed loop of conducting material.  A "coil" is 
defined to be a number of turns connected in series (as its name implies).  A 
"winding" is defined to be a number of coils connected in series. 
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(iii) Ampere's Law 
 

Looking again at Figure 9.2, it is possible to determine the relationship between 
the current in a conductor and the resulting magnetic field intensity around the 
conductor by applying Ampere's Law: 

 
H dl• = ⋅z N i  

          ...(1) 
 

where H is the vector representing magnetic field intensity, dl is the vector 
representing the incremental length of the closed-integral path, N is the number 
of "turns" of conductor enclosed by the integral path and i is the current in the 
conductor.  The quantity "N⋅i" is given the special name "magnetomotive force" 
or m.m.f..  In the case of Figure 9.2, the geometry presented is trivial because the 
vectors H and dl are collinear and the following relationship results from 
equation (1): 
 

H r N i

H N i
r

⋅ ⋅ ⋅ = ⋅

= ⋅
⋅ ⋅

2

2

π

π
         (Amps / Metre)

 

 
 
(iv) Magnetic Flux Density 
 

The magnetic flux density (B) that is generated by a magnetic field intensity (H) 
is defined by the following relationships: 

 
B H

Hr o

= ⋅
= ⋅ ⋅

µ
µ µ  

         ...(2) 
 
 

where µ is referred to as the "permeability" (or "permeance") of the medium, µo 
is the permeability of free space (and is a constant) and µr is the relative 
permeability of the medium ( µr equals unity for free space).  The units of flux 
density are Tesla (T) or Webers per square metre (Wb/m2).  The actual value of 
relative permeance in magnetic materials varies with the magnitude of field 
intensity and a typical relationship is shown in Figure 9.3. This is known as a 
magnetisation curve.  It represents the value of flux density as field intensity is 
increased from zero up to some finite value and the characteristic is different for 
each type of magnetic material. 
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Figure 9.3 - Typical Shape of a Magnetisation Curve 

 
 
(v) Magnetic Flux 
 

Figure 9.4 shows a simple magnetic circuit, composed of a toroidal piece of 
ferromagnetic material, energised by a coil of N turns.  If the coil carries a 
current, i, then a magnetic field intensity H is produced and a flux density B 
results in the core of the toroid.  Ideally, it is assumed that there is no flux 
leakage and that all flux passes through the core of the toroid and not through the 
air.  The flux within the toroid is given by the following, closed surface integral: 
 

Φ = •zB ds 

          ...(3) 
 

where ds is a vector perpendicular to the infinitesimally small element of surface 
area through which the flux density B passes  
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Figure 9.4 - Energised Toroidal Core with an N Turn Winding 
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If the cross sectional area of the toroid is A, then the Flux (Φ) within the toroid is 
simply given by: 
 

Φ = B⋅A           (Wb) 
 

because the cross-section of the toroid is perpendicular to the magnetic flux 
density vector B. 

 
 
(vi) Reluctance of Magnetic Paths 
 

In magnetic circuits, it is normal to define a quantity known as the "reluctance" 
of a magnetic path.  This is analogous to the resistance of an electrical path in 
network theory.  Looking again at Figure 9.4, we can see that if the mean path 
length around the toroid is defined by "l", then using Ampere's law: 
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The quantity R is referred to as the reluctance of the magnetic path. 
 

 
(vii) Magnetic Circuits with Air Gaps 
 

The magnetic circuits in a.c. and d.c. machines are essentially divided into three 
parts.  The static portion of the machine (the stator) forms one part of the circuit, 
the rotational part of the machine (the rotor) forms a second part and the air gap 
that exists between them forms the third part of the circuit.  For this reason it is 
necessary to be able to examine composite magnetic systems that are a series of 
paths of differing reluctances.  A simplistic system, composed of a ferromagnetic 
core and air gap is shown in Figure 9.5. 
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Figure 9.5 - Magnetic Circuit with Air Gap 
 
 

Compound magnetic circuits, such as that in Figure 9.5 can be analysed in an 
analogous way to electrical circuits, by using the "magnetic" equivalent of 
Kirchoff's voltage law.  In order to understand how this equivalent analysis arises, 
it is necessary to examine Table 9.1, which shows the "dual" electrical and 
magnetic properties. 
 

 
Property Electrical Circuit 

 
Magnetic Circuit 

Primary Energy Source Electromotive Force 
(e.m.f.) 

EEEE 

Magnetomotive Force 
(m.m.f.) 

FFFF 
Energy Transfer 

Mechanism 
Current 

i = e.m.f. / Resistance 
Flux (Φ) 

Φ = m.m.f. / Reluctance 
 

Impediment Resistance 

R
A

=
⋅
l

ρ  
(ρ = conductivity 

l = length) 
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R
A

=
⋅
l

µ  
(µ = permeability 
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Table 9.1 - "Dual" Electrical and Magnetic Circuit Properties 
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Looking again at Figure 9.5, we can sum the m.m.f.s around the closed path, just 
as we would with voltages around a closed loop: 

 
Ni R R
Ni H H

Ni B B

f a

f f a a

f f

f

a a

o

= ⋅ + ⋅
= ⋅ + ⋅

= ⋅ + ⋅

Φ Φ
l l

l l
µ µ  

 
where the subscript "f" refers to quantities in the ferromagnetic material and the 
subscript "a" refers to quantities in the air-gap. 
 
It should also be noted that solving these equations for particular variables is not 
as straightforward as one might first anticipate.  Whilst the relationship between 
Flux Density (B) and Magnetic Field Intensity (H) in the air gap is linear, the 
same cannot be said for other magnetic materials, where a characteristic such as 
that shown in Figure 9.3 exists.  The solution to such magnetic circuit problems 
normally comes from using a traditional graphical "load-line" approach that is 
based upon the magnetisation curve of the magnetic material used for the core. 
 
Another point to note in regard to solving compound magnetic circuit problems is 
that the magnetic flux lines are not consistent all the way around the circuit.  In 
the air gap, the lines bow outwards, thereby giving the air gap a greater effective 
area than the core.  This is called "fringing".  However, if the length of the air gap 
is much smaller than the length of the core then the effects of fringing can often 
be ignored. 

 
 
(viii) Faraday's Law 
 

Consider the magnetic circuit shown in Figure 9.6.  If a time varying current, i(t), 
is applied to the primary coil, then a time varying magnetic flux is produced in 
the magnetic core.  Faraday's law tells us that a voltage is induced into the 
secondary coil as a result of the time variant flux that passes through it.  The 
relationship is as follows: 

 

v t N d t
dt

( ) ( )= ⋅ φ
 

              ...(4) 
 

This is the mathematical description that simply tells us that the voltage induced 
in a conductor is proportional to the rate of change of flux linking that conductor.  
In the case of a winding, the number of turns (N) becomes a multiplier. 
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Figure 9.6 - Electromagnetic Induction 
 
 
(ix) Hysteresis 
 

Figure 9.4 shows a number of turns of conductor wrapped around a toroidal 
magnetic core, whose magnetisation curve is of the form shown in Figure 9.3. 

 
If a d.c. current is used to supply the m.m.f. for the core and the value of the 
current is increased from zero to some finite value, then the form of 
magnetisation curve typified by Figure 9.3 results.  However, if the value of 
m.m.f. is then reduced, then a different relationship exists during 
demagnetisation.  Similarly, if the m.m.f. is again increased, a different 
relationship exists during remagnetisation.  This relationship is typified by the 
loop shown in Figure 9.7.  This loop is referred to as a "Hysteresis Loop".  
Hysteresis is an important concept because whenever a sinusoidal, a.c. current 
excitation is applied to a core, then for each cycle of the current waveform, one 
hysteresis loop is generated, thereby dissipating energy. 
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Figure 9.7 - Typical Hysteresis Characteristic 
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The energy dissipation due to hysteresis can be best understood by looking again 
at Figure 9.4, where it can be said that if a sinusoidal current waveform, i(t), 
passes through the coil on the toroid, then the e.m.f. across the coil can be 
deduced from Faraday's law: 

 

v t N d t
dt

( ) ( )= ⋅ φ
 

 
The power, p(t), consumed in the core is defined by the product of voltage and 
current: 
 

p t v t i t( ) ( ) ( )= ⋅  
 
and we also know that: 
 

φ( )

( )

t B A

i t H
N

= ⋅

= ⋅ l
 

 
 

so that the power consumed in the core is: 
 

p t A H dB
dt

( ) = ⋅ ⋅ ⋅l
 

              ...(5) 
 
and hence the energy consumed in the core is: 

 

W A H dB
dt

dt

W A H dB

t

t

B

B

= ⋅ ⋅ ⋅

= ⋅ ⋅ ⋅

z
z

l

l

1

2

1

2

 
             ...(6) 
 
where the quantity "l⋅A" represents the volume of the core.  Equation (6) shows 
that for each magnetisation, demagnetisation and remagnetisation cycle of the 
hysteresis loop, energy is consumed.  The amount of energy consumed is 
proportional to the area of the hysteresis loop and is dependent upon the volume 
of the core.   
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The volume dependence of the energy consumption due to hysteresis can be 
readily explained on physical grounds.  The magnetisation and demagnetisation 
of a ferromagnetic material requires the rearrangement of the magnetic "domains" 
within the material.  The larger the volume of material, the more rearrangement 
that has to take place and hence the higher energy consumption. 
 
It is normally not practical to evaluate the area under a hysteresis loop and so 
empirical methods are normally used to define the loss.  The actual equations for 
determining power loss are dependent on the ferromagnetic material used to form 
the core of the magnetic circuit. 

 
 
(x) Eddy Current Losses 
 

Faraday's law of electromagnetic induction tells us that the voltage induced in a 
conducting material is proportional to the rate of change of flux linkage in the 
material.  In the case of ferromagnetic cores that are used to provide magnetic 
circuit paths, voltage is induced not only in coupled windings but also in the core 
itself.  This results in a time-varying current flow through the core. The 
phenomenon is referred to as an "eddy-current" and is shown in Figure 9.8. 
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Figure 9.8 - Generation of Eddy-Currents in Ferromagnetic Cores 
 
 

Any current flow in the ferromagnetic material will naturally lead to energy loss 
because the ferromagnetic material is not an ideal conductor and resistive heating 
occurs.  The power loss due to eddy currents is normally minimised by making 
cores for electrical machines and transformers from thin laminations of 
ferromagnetic material, separated by insulating material.  Since the power loss 
due to eddy currents is proportional to the square of the induced voltage in the 
material and inversely proportional to the resistance of the material, increasing 
the resistance through lamination decreases the losses. 
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(xi) Lorentz Force 
 

The magnetic force (F) on a conductor carrying a current (i) within a magnetic 
field of density B is summarised by two equivalent Lorentz vector relationships: 

 
F = i ⋅ l ×××× B 
          ...(7) 
 
F = q ⋅ v ×××× B 

              ...(8) 
 

In equation (7), l represents a length vector which is in the direction of current 
flow.  In equation (8), q represents the electron charge and v represents a velocity 
vector corresponding to the direction of electron flow. 

 
 
(xii) Torque on a Current Loop in a Magnetic Field 
 

The concept of calculating the torque produced on a single current loop exposed 
to a magnetic field is perhaps the most important physical concept relating to the 
operation of all electric motors.  The basic elements of a simple circuit are shown 
in Figure 9.9, where a current loop is pivoted within a magnetic field of density 
B. 
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Figure 9.9 - Torque Produced in a Current Loop 
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Applying the vector equation (7) to sides b and d of the current loop shows that 
the forces imposed on each of these sides are always equal and opposite 
(regardless of the angular position of the loop) and therefore have no net effect on 
the movement of the coil.  The magnitude of the forces on sides a and c of the 
loop are also always equal and opposite - however they do not act on the same 
line of action and therefore a net torque is produced.  Applying the vector cross 
product rule for Lorentz force to conductor a (of length a) shows that the 
magnitude of the force on the conductor is: 

 
F = i⋅a⋅B 

 
and the force is in the "-x" direction.  The force on conductor c is the same in 
magnitude but exists in the "+x" direction.  From symmetry, it is clear that the 
torque on the loop (τ) is double that generated by the force on one conductor and 
is given by the expression: 
 

τ θ= ⋅ ⋅ ⋅ ⋅ ⋅2
2

i a B b sin
 

              ...(9) 
 

where b is the length of side b of the coil.  The product "a⋅b" represents the area 
"A" of the loop.  If we replace the loop with a coil of N turns, then the net torque 
is multiplied by a factor of N.  Therefore, the magnitude of the torque on a coil 
carrying a current "i" and subjected to a magnetic field "B"  is: 

 
τ θ= ⋅ ⋅ ⋅ ⋅N i A B sin  

              ...(10) 
 
 
(xiii) The e.m.f. Equation 
 

The e.m.f. equation arises from time to time when discussing a.c. machine theory 
and so it is valuable to understand its origins.  Essentially the equation comes 
from applying Faraday's law to systems with sinusoidal excitation: 

 

e.m.f.= ⋅N d
dt
φ  
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If φ(t) = Φsin ωt, then the generated e.m.f. becomes: 
 

e.m.f. = N⋅Φ⋅ω⋅cos ωt = 2⋅π⋅f⋅Φ⋅N⋅cos ωt 
 

The r.m.s. value of the e.m.f. (Erms) is obtained by dividing the peak value of the 
cosinusoidal waveform by √2 and is therefore: 

 
Erms = 4.44⋅Φ⋅f⋅N 

              ...(11) 
 

This relationship is referred to as the e.m.f. equation. 
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9.2 Fundamentals of d.c. Machines 
 
9.2.1 Introduction to d.c. Machines 
 
 Direct current machines, like most other electrical machines, are 
electromechanical energy converters that can function in two directions - as both 
generators and motors.  However, early technical difficulties in transmitting d.c. 
voltages and currents for residential and commercial use have meant that the bulk of 
d.c. machine implementations have been for motoring purposes. 
 
 One of the key advantages of the d.c. motor is its relative flexibility in terms of 
speed control and the range of torque-speed characteristics that can be achieved by 
reconfiguration of motor windings.  Unlike induction machines and synchronous 
machines, the speed of a d.c. motor can be accurately regulated through simple 
electrical circuits, and it was this factor above all others that led to the proliferation of 
the d.c. motor in applications such as servo drives and traction systems for trains, trams 
and electric trolley-buses. 
 
 The introduction of power electronics in the 1970s diminished many of the 
advantages of the d.c. machine over its a.c. rivals.  Accurate speed control of a.c. 
machines not only became more viable but also more attractive because of the 
widespread generation of a.c. power.  The other relative disadvantage of d.c. machines 
is their additional maintenance requirement that arises through the use of limited-life 
"brushes" to connect the outside world to the main (armature) windings.  Although the 
cost of brushes is not significant, the down-time that can arise from motor maintenance 
is of crucial importance when electrical machines form part of a major industrial 
installation.  On the other hand, the simplicity and existing proliferation of d.c. 
machines means that their use is ensured for some time to come. 
 
 Generally, you will find that books dealing with a range of electrical machines 
tend to devote more time to d.c. machines than to a.c. machines.  As you will discover, 
the same is true within this chapter.  There are two reasons for this emphasis.  Firstly, 
although d.c. and a.c. machines differ in many ways, fundamental characteristics and 
magnetic phenomena are common to all machines and are perhaps best exemplified and 
introduced with d.c. machines.  Secondly, d.c. machines can be configured in several 
different ways whereas a.c. machines each tend to have only one basic configuration.  
In essence, therefore, when we discuss d.c. machines we need to examine several 
different machine configurations, each of which has its own characteristics. 
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9.2.2 Physical Characteristics of d.c. Machines 
 
 The d.c. machine, like all other rotating electrical machines, is composed of two 
major components.  The stationary component, that makes up the frame of the 
machine, is referred to as the "stator" and the rotating inner component is referred to as 
the "rotor".  As with other electrical machines, both the stator and the rotor are 
equipped with either windings or permanent magnets that either cause an interaction of 
magnetic fields to produce a rotational torque or the induction of voltage in the 
complementary windings. 
 
 In an electrical machine, the main winding through which power is generated (or 
absorbed during motoring) is referred to as the "armature".  The secondary winding that 
is used solely to generate a magnetic field is referred to as the "field" winding.  In a d.c. 
machine, the armature winding is located on the rotor and the field windings are 
located on the stator.  Figure 9.10 shows in simple schematic form the fundamental 
components of a d.c. machine (with only one coil shown on the rotor for simplicity). 
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Figure 9.10 - (a) Schematic Cross-section of a Stator on a d.c. Machine 
(b) Schematic Cross-section of a Rotor on a d.c. Machine 

 
 
 In Figure 9.10, the magnetic field in the stator is shown to be produced by 
windings that create magnetic poles, but the field could also have been produced by 
using permanent magnets.  The limiting factor with permanent magnets is of course the 
size of the field that can be produced (thereby limiting the size of the motor itself).  
Regardless of whether the d.c. machine acts as a generator or as a motor, the magnetic 
field must be present in the stator in order for the machine to function correctly. 
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 In order to connect the rotating armature to the outside world, each end of the 
armature winding is connected to a "commutator" (that facilitates both voltage 
conversion and external connection to the rotating windings).  The commutator is then 
connected by brushes to external wiring.  A brush is simply a conducting material block 
that touches the surface of a rotating conductor in order to provide a good electrical 
(non-sparking) connection to a stationary external circuit.  In order to prevent excessive 
wear on the rotor, the brush material must be relatively soft and therefore brushes are 
normally expendable components that need to be periodically replaced.  Brushes are 
made from materials such as hard carbon, electrographite or metal graphite. 
 
 The commutator is a device which is conceptually simple to understand but 
difficult to comprehend in realistic d.c. machines.  The confusion arises because of the 
number of coils inside the armature of a practical d.c. machine.  However, the basic 
concept of commutation can be best understood if we look at a simplistic d.c. machine 
with only one turn (loop) within the armature, such as that shown in Figure 9.10 (b). 
 
 In Figure 9.10 (a) we see the sort of flux distribution that exists within the air gap 
of the stator.  If we were to plot the magnitude of flux density (B) in the air gap as a 
function of the angular position (α) of a rotor within the air gap then we would have a 
distribution of the form shown in Figure 9.11. 
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Figure 9.11 - Flux Density Distribution as a Function of 
Angular Position in Air Gap 

 
 
 If the rotor of Figure 9.10 (b) is inserted into the constant magnetic field provided 
by the stator of Figure 9.10 (a) and the rotor remains stationary, then Faraday's law tells 
us that no e.m.f. is generated in the armature because there is no change in flux linkage 
to the armature winding.  On the other hand, if we spin the rotor (thereby changing α) 
by using a prime mover, then we create an effective flux linkage change in the armature 
and thereby generate an e.m.f.  The e.m.f. generated across the armature turn will have 
a waveform dependent upon the flux density distribution of Figure 9.11 (in fact the 
derivative of the flux waveform with respect to α or time). 
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 We now need to note well that a d.c. machine actually maintains an a.c. voltage 
waveform across the armature winding.  The a.c. waveform in the winding is converted 
to and from d.c. (for connection to the outside world) through the action of the 
mechanical rectifier which we refer to as the commutator. 
 
 Figure 9.12 schematically shows two elevations of a rotor (with only one turn in 
the armature), including the commutator. 
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Figure 9.12 - Horizontal and Vertical Elevations of a Rotor (Schematic) 
 
 
 The commutator is made up of a number of conducting segments and insulating 
segments.  One end of each armature turn is connected to one end of each conducting 
commutator segment.  The size of the insulating segments is smaller than the size of the 
brushes, so that when the brushes are across the insulating segments they are 
effectively short-circuiting the commutator (and the turn). 
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 The commutator spins with the rotor while the brushes remain stationary.  When 
the rotor (commutator) is in the position shown in Figure 9.12, the voltage across the 
turn (and the output voltage Va) is at its maximum or minimum value (as defined by the 
flux density in Figure 9.11).  When the rotor is at α = 90° from the original position, 
then the commutator is short-circuited by the brushes so the output voltage Va is zero.  
When the rotor is at α = 180° from the original position, then the voltage across the 
turn has the opposite polarity - however, the position of the commutator has also 
effectively reversed the connection to the outside world.  Therefore, although the 
voltage across the turn is changing polarity, the output voltage Va from the commutator 
has been rectified.  The waveform is shown in Figure 9.13. 
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Figure 9.13 - Rectification Effect of Commutator 
 
 
 Although the output waveform shown in Figure 9.13 is d.c. it obviously contains 
a high degree of ripple.  However, the more turns there are in the armature, and the 
more commutator segments, the smaller the ripple.  The turns in a realistic machine are 
all connected together in series through the commutator segments to form a complete 
armature winding that produces little ripple in output voltage waveforms. 
 
 Another factor that affects the variation of flux density as the rotor spins is the 
number of magnetic poles within the stator. So far, we have only examined simplistic 
machines which have two poles.  However, larger machines tend to have more poles so 
that there are more high-flux density regions in the air gap.  Looking at Figure 9.11, 
which shows the variation of flux density with rotor position in a two pole machine, we 
see that a 360° change in α  (South-North-South) corresponds to a 360° change in the 
voltage waveform induced in the turn.  However, if there were four poles in the 
machine of Figure 9.10, then a 360° change in α  (South-North-South-North-South) 
would result in two complete cycles of the output voltage waveform or 720° in an 
electrical sense.  Therefore it can be said that the number of electrical degrees in a d.c. 
machine with "p" pairs of magnetic poles is "p" times the number of mechanical 
degrees. 
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 The distance between the centres of adjacent magnetic poles in a d.c. machine is 
referred to as the pole-pitch of the machine.  In the machine of Figure 9.10, the pole 
pitch (which corresponds to 180° in an electrical sense) is mechanically 180°.  The pole 
pitch of the machine is a parameter that is used to characterise the angular distance 
between the sides of each turn (or coil) in the armature of a machine.  In other words, it 
relates the separation of conductors in the armature to the relative position of poles in 
the stator and is a factor that is used in machine design. 
 
 We have now seen that the combined operation of the rotor, stator field and 
commutator can act to produce a d.c. generator.  However, we also know from Lorentz 
equation that we can readily use the d.c. machine as a motor simply by applying a d.c. 
voltage to the armature winding and thereby producing a net torque (as shown in 
section 9.1 (xii)).  It is the motoring characteristics that we shall be most concerned 
with in this book.  However, it is important to note, in terms of our previous 
discussions, the effects of induced armature voltage during motoring mode.  At a first 
glance, one might expect that when the armature winding on a d.c. machine is 
energised, there will be no voltage induced in the armature.  Of course, this is not the 
case and a close inspection of Figures 9.10 and 9.11 reveals that regardless of whether 
the armature windings are energised or not, there must always be an induced voltage in 
the windings if they are rotating.  The voltage that is induced in the armature winding 
of a d.c. motor or generator, as a result of those windings being rotated through a non-
uniform magnetic field, is referred to as the "back e.m.f." of the machine and is 
generally given the abbreviation Ea.  At any given speed, the relationship between the 
back e.m.f. of a machine and its field current is the magnetisation curve for that 
machine and has the traditional form exemplified by many ferromagnetic B-H 
magnetisation curves.  Once we have come to terms with the concept of "back e.m.f.", 
we can model the d.c. machine using normal electric circuit elements, as in Figure 
9.14. 
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Figure 9.14 - Electrical Model for d.c. Machine 
 
 
 In Figure 9.14 (a) we see that the basic elements included in the model are the 
back e.m.f. (Ea), the winding and brush resistance (Ra) and the winding inductance 
(La).  For the field circuit, we include only the winding resistance (Rf) and winding 
inductance (Lf). 
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 It should be evident that in the steady state, neither the armature winding nor field 
winding inductances will affect the performance of the machine.  However, in all 
transient states (change of speed, current or load), these inductances can clearly have a 
marked effect on the relationship between the voltages and currents in the machine. 
 
 Another magnetic phenomenon which impinges upon the electrical characteristics 
of realistic d.c. machines is "Armature Reaction" or "AR".  In order to understand the 
concept of armature reaction, we can again look at the simplistic machine in Figure 
9.10.  This time however, we need to focus on the interaction between the magnetic 
fields generated by the rotor (armature) and the stator (field).  These are shown in 
Figure 9.15. 
 
 

x x

N S

ΦΦΦΦ

Quadrature Axis

Direct Axis
x

(a) Field (Stator) (b) Armature (Rotor)

Field
Winding

αααα

ΦΦΦΦ ΦΦΦΦ

1

2

 
 

Figure 9.15 - Magnetic Fields Caused By Field and Armature Windings 
 
 
 If the rotor in Figure 9.15 (b) is placed inside the stator in Figure 9.15 (a), and an 
armature current flows in the rotor, then we clearly need to contend with two distinct 
magnetic fields that will interact with one another.  Assuming that the rotor and stator 
are in the orientation shown in Figure 9.15, we can see that the rotor field at "1" will 
directly oppose the stator field at the top end of its north pole (in other words the 
effective m.m.f. at the pole is reduced).  Conversely, the rotor field at "2" will enhance 
the field at the bottom end of the stator's north pole (effective m.m.f. at the pole is 
increased).  The reverse situation applies at the stator's south pole.  One might be drawn 
to the conclusion that the net enhancement of flux at one end of a pole will be 
cancelled out by a net reduction at the other end of that pole - however this is not 
necessarily the case.  In general there is an overall reduction in flux at that pole.  
Although the physical system is symmetrical, the magnetic system is asymmetric due to 
the saturation effects that are exemplified by the magnetisation curve.  The effect at the 
north pole of the system in Figure 9.15 is shown in the magnetisation curve of Figure 
9.16 for the north pole. 
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Figure 9.16 - Affect of Armature Field on Flux Density at North Pole of a 2-Pole 
Machine 

 
 
 Look closely at both Figures 9.15 and 9.16.  We can see that even if we assume 
that the effective increase in m.m.f. at the bottom half of the north pole (due to 
armature field) is the same as the effective decrease in m.m.f. at the top half of the 
north pole, the changes in flux density are not.  If the magnetic material is near 
saturation, then the flux density, Be, due to field enhancement is close to the original 
value (where no armature current exists).  Conversely the flux density, Br, due to field 
reduction  may be substantially lower than the value where no armature current is 
applied. 
 
 The effect of armature reaction is to decrease the magnetic flux density at 
magnetic poles within machines.  It can be counterbalanced by providing a higher field 
current that will increase the field at the pole.  For this reason, the effect of armature 
reaction is measured in terms of the amount of additional field current required to 
generate the same back e.m.f. that would be generated when no armature current flows.  
Conversely, we say that for any given armature current, the effective field current is 
diminished by the value of armature reaction current: 
 

I feffective = I fmeasured - I fAR 

              ...(12) 
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 We now know that e.m.f. is affected by the value of field current, but we also 
know that it must be related to the rotational speed of the machine.  In section 9.1, we 
saw how Faraday's law could be applied to determine the e.m.f. in a coil or winding 
that experienced a changing flux linkage.  Applying this law to d.c. machines provides 
us with a simple relationship for the average value of back e.m.f.: 
 

Ea ∝ Φ⋅ω 
or 

Ea = Ka⋅Φ⋅ω 
              ...(13) 
 
where Φ is the flux per pole in the machine, ω is the rotational speed of the armature 
and Ka is referred to as the "armature constant" for the d.c. machine.  The armature 
constant is a term which arises regularly in d.c. machine theory and its origin has no 
significance other than the fact that it is composed of a number of related geometrical 
machine constants that are grouped together when applying Faraday's law.  The 
armature constant is defined as follows: 
 

K N p
aa = ⋅

⋅π  
              ...(14) 
 
where "N" is the number of turns in the armature winding, "p" is the number of poles in 
the machine and "a" is the number of parallel windings in the armature.   
 
 If we apply Lorentz force calculations to an armature winding within a d.c. 
machine, we can determine the torque (T) produced in motor mode or the torque 
required in generator mode: 
 

T ∝ Φ⋅Ia 
 
or 

T = Ka⋅Φ⋅Ia 
              ...(15) 
 
 Even without analysis, one would intuitively expect this form of relationship, 
because the force acting on any conductor in the armature will be determined by the 
size of the current in the armature and the size of the field in which the armature 
conductor is placed.  It is interesting to note however that the armature constant arises 
in the torque equation as well as the e.m.f. equation. 
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 Equations (14) and (15) can be combined by virtue of the fact that the mechanical 
power input is largely converted into electrical output or vice versa: 
 

T⋅ω = Ea⋅Ia 
              ...(16) 
 
 Equations (15) and (16) essentially summarise the complete electromechanical 
energy conversion process in d.c. machines.  With these equations and the theory 
presented earlier, we now have a reasonable understanding of the basic magnetic and 
electrical constructs within the d.c. machine.  We can therefore move on to examine the 
way in which this theory is used to provide operational machines.  In fact, one of the 
most interesting features of d.c. machines is the way in which their characteristics can 
be altered simply by varying the way in which we connect the field and armature 
windings.  There are essentially four possible combinations for a d.c. machine: 
 

• Separately Excited (the field and armature windings are each connected to 
their own separate supplies) 

 
• Series (the field and armature windings are connected together in series so 

that the field and armature currents are always the same) 
 
• Shunt (the field and the armature windings are connected together in 

parallel so that the terminal voltage across them is the same) 
 
• Compound (one part of the field winding is connected in series with the 

armature and the other part of the field winding is connected in parallel 
across the armature winding) 

 
We shall see how these machines perform in sections 9.2.3 - 9.2.6. 
 
 
 
9.2.3 Separately Excited d.c. Machines 
 
 A novice in the field of electrical machines may intuitively expect that all d.c. 
machines have separate power supplies for the field and armature, since on the surface 
the roles of these windings are totally different.  Only a small proportion of d.c. 
machines have separate electrical excitation for the armature and field windings.  
However, permanent magnet d.c. machines can also be considered as separately excited 
machines with constant field excitation (eg: a dynamo).  For both types of machine, 
acting in generator mode, the armature is rotated by a prime mover in order to provide a 
d.c. output voltage through the commutator.  This is shown in Figure 9.17.  Note that 
when we discuss generators, it is conventional to show positive current (Ia) as flowing 
out of the armature into a load. 
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Figure 9.17 - Separately Excited d.c. Generator Driven by a Prime Mover 
 
 
 In the steady-state, the effects of armature and field inductance are ignored and 
the basic electrical relationships are derived from simple circuit theory: 

 
E K
V E R I

a a

a a a a

= ⋅ ⋅
= − ⋅

Φ ω

 
          ...(17) 
 
V R If f f= ⋅  

 
 
These relationships are used to construct the so-called "external characteristic" of the 
machine.  The external characteristic of a generator plots the terminal voltage against 
the terminal (load) current for the machine.  In this case the terminal voltage is taken to 
be the armature voltage and the terminal current is the armature current, so that the 
characteristic is a simple linear relationship defined by equation (17). 
 
 In Figure 9.18, the separately excited machine is shown motoring mode, where it 
is conventional to show armature current flowing into the armature winding. 
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Figure 9.18 - Separately Excited d.c. Motor with Load of Torque "T" 
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 In motoring mode, the following circuit relationships are appropriate in order to 
examine the external mechanical characteristic of the machine: 
 

E K

V I R E K

T K I

V
K

R
K
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a a

a a a a a
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a
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= ⋅ ⋅

∴ =
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⋅

⋅

Φ

Φ

Φ

Φ Φ

ω

ω

ω 2 2
 

              ...(18) 
 
Equation (18) shows that for a constant terminal voltage (Va) and flux (Φ), the 
relationship between speed and torque is linear.  The equation also shows that the speed 
of the machine, at a given torque, can be changed by varying the terminal voltage, flux 
or total armature winding resistance.  Conversely, if the mechanical load on the 
machine (T) changes, then we need to change either the terminal voltage, flux (through 
field current) or armature resistance to maintain a constant speed. 
 
 
 
9.2.4 Series d.c. Machines 
 
 Series d.c. machines are commonly used in traction motors for electric trains, 
trams and trolley buses and so speed control is an important issue for these machines 
when they are used in motoring mode.  However, we commence our examination by 
looking at the d.c. series generator which is shown in Figure 9.19. 
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Figure 9.19 - Series d.c. Generator Driven by a Prime Mover 
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 In order to get the electrical terminal characteristics of the generator, we again 
assume that, in the steady state, the armature and field inductances can be ignored.  We 
also note that in the series motor, the terminal voltage and the armature voltage are not 
the same but that the field, armature and load currents are identical.  The following 
relationships then arise: 
 

E K

E R R I V
a a

a a f a t

= ⋅ ⋅

− + ⋅ =

Φ ω
b g        ...(19) 

 
 At first glance, equation (19) might suggest a linear relationship between terminal 
voltage and current - however this is not the case.  In a series machine, the field current 
and the armature current are identical, so that if the armature current changes, so too 
does the field current, the flux and hence the back e.m.f. of the machine.  In order to 
obtain the terminal characteristic, we need to have the magnetisation curve for the 
machine.  This tells us how flux density (hence flux and back e.m.f.) vary with field 
current (hence armature current) at a given machine speed.  We could then plot the 
terminal characteristic for the machine.  We can also make the assumption of linearity, 
where we say that the machine is operated in the region where flux (Φ) is proportional 
to field current (If) and obtain an approximate characteristic for the machine. 
 
 Figure 9.20 shows a series d.c. machine configured as a motor and connected to a 
mechanical load of torque "T". 
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Figure 9.20 - Series d.c. Motor Connected to a Mechanical Load 
 
 
 We again apply simple electrical circuit theory, together with the torque equation 
(15) to determine the external mechanical characteristic for the d.c. series motor: 
 

V R R I E Kt a f a a a− + ⋅ = = ⋅ ⋅b g Φ ω      ...(20) 
T K Ia a= ⋅ ⋅Φ  
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If we make the assumption that the motor operates in the linear region of the 
magnetisation curve for the stator's ferromagnetic material, then we can say that: 
 

Φ ∝ If 
 
and since If = Ia, then the flux in the machine is (to a first order approximation) 
proportional to the armature current.  Substituting this into the torque equation (15), we 
find that: 
 

Φ

Φ

= ⋅

= ⋅ ⋅ = ⋅ ⋅

= ⋅

K I

T K I K K I

T K I

a

a a a a

a

µ

µ
2

2
 

              ...(21) 
 
where Kµ is some constant of proportionality that relates field (hence armature) current 
to flux in the core within the linear region of operation.  Using these results we can 
combine the expressions with equation (20) as follows: 
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              ...(22) 
 
 Equation (22) shows that the speed of the motor is inversely proportional to the 
square root of the torque.  It is an interesting relationship because it implies that if the 
mechanical load is removed from the d.c. series motor then the motor will theoretically 
accelerate towards infinite speed.  In practice, a series d.c. motor without a mechanical 
load will eventually destroy itself. 
 
 Another factor that is evident from equation (22) is that, for a constant torque, we 
can vary the speed of the motor through its terminal voltage or through the total 
resistance in the armature and field circuit.  In other words, for a given torque, we can 
(for example) decrease motor speed by adding resistance to the motor circuit or by 
lowering the terminal voltage. 
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9.2.5 Shunt d.c. Machines 
 
 In the series d.c. machine, the most pronounced characteristic arises in motoring 
mode where the machine can theoretically accelerate to infinite speed when there is no 
applied mechanical torque.  In the shunt d.c. machine, it is perhaps the generator mode 
which provides the most interesting characteristics.  A shunt d.c. generator is shown in 
Figure 9.21. 
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Figure 9.21 - Shunt d.c. Generator (Self-Excited) 
 
 
 The shunt generator is interesting because, unlike other d.c. machine 
configurations, there is no current supplied to the field unless there is a voltage present 
across the armature winding.  There is no voltage present across the armature winding 
unless there is a back e.m.f. generated in the rotor and there is no back e.m.f. generated 
unless there is a field present in the machine.  It would appear then that the shunt 
generator can never function - however this is not the case in practice. 
 
 In a realistic machine, even with no field current applied, there still exists some 
residual magnetism in the stator, leading to a small magnetic field between poles.  This 
is enough to generate a small back e.m.f. which then leads to an increase in armature 
voltage and thereby an increase in field current.  As field current increases, armature 
voltage increases and hence field current again increases.  This self-excitation 
continues until a steady state operating point is reached where the back e.m.f is defined 
by: 
 

E Ka a= ⋅ ⋅Φ ω  
 
We also know that for the shunt machine, the terminal voltage is the same as the 
armature voltage and that the load current is the difference between the armature 
current and the field current.  Ignoring inductance in the steady state, the following 
relationships apply: 
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     ...(23) 
 
The actual electrical characteristic relationship is in effect quite complex because back 
e.m.f. depends upon flux (ie: field current); field current depends upon armature 
voltage and armature voltage depends upon armature current which depends upon load 
current. 
 
 Figure 9.22 shows the shunt d.c. machine configured as a motor and connected to 
a mechanical load of torque "T". 
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Figure 9.22 - Shunt d.c. Motor Connected to Mechanical Load of Torque "T" 
 
 
 In order to obtain the external mechanical characteristic of the shunt motor for 
steady-state operation, we again ignore armature and field inductance and appeal to the 
same basic relational equations used above: 
 

T K I
V I R E K

a a

a a a a a
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Φ ω  
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If we assume that the motor is operated in the linear region of its magnetisation curve, 
then we say that the flux (Φ) is proportional to the field current: 
 

Φ = ⋅K I fµ
 

 
We then have the following external characteristic: 
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where 
 

K K Ka= ⋅ µ  
 
However, in a shunt machine: 
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              ...(24) 
 
 From equation (24) we can see that for a constant output torque, the speed of the 
shunt d.c. machine can be varied by altering the field current.  This can be achieved by 
altering the total resistance in the field circuit.  Since the winding resistance is fixed, an 
additional (variable) resistance has to be used to change the field current.  The other 
factor that is of significance in the shunt machine is its theoretical ability to reach 
infinite speed if the field current is removed, whilst the mechanical load is a constant.  
This is a destructive condition that is analogous to running a series d.c. machine with 
no mechanical load. 
 
 The other feature that is apparent from equation (24) is that since the field current 
is proportional to the armature voltage, then by changing the armature (therefore 
terminal) voltage of the machine, we can also vary the speed of the machine.  Major 
speed changes are normally made by armature voltage control and adjustments from a 
set speed are made by weakening the field (through increased field resistance). 
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9.2.6 Compound d.c. Machine Configurations 
 
 The field poles in a d.c. machine can be excited by two sets of field windings 
which can be externally interconnected to produce a range of different machines.  One 
set of field windings can be used as a shunt field and the other set as a series field.  In 
machines with two such sets of windings, the shunt windings are normally much larger 
(ie: have many more turns) and therefore provide a field circuit that takes only a small 
percentage of the current in the armature circuit.  Series windings on the other hand, as 
the name implies, take the same current as the armature but have fewer turns than the 
shunt windings.  When both series and shunt windings are excited in a d.c. machine 
then the machine is said to be running in a compound configuration. 
 
 There are clearly two methods of combining the shunt and series windings in a 
d.c. machine.  The first is to connect the shunt winding directly across the armature 
circuit and then place the series winding in series with the shunt combination.  This is 
known as a "short shunt" machine.  The second alternative is to place the shunt 
winding across both the series winding and the armature winding.  This is known as a 
"long shunt" machine.  The two configurations are shown in generator form in Figure 
9.23. 
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Figure 9.23 - (a) Short and (b) Long Shunt Compound Generator Configuration 
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 Depending on the polarity of the connection to the series and shunt windings it 
should also be evident that the two windings can either produce m.m.f.s which enhance 
each other or oppose each other.  The former is known as a cumulative compound 
machine and the latter is known as a differential compound machine. 
 
 In compound d.c. machines, the shunt field provides the bulk of the stator m.m.f. 
and so the characteristics of the compound machine should predominantly be those of 
the shunt machine, with deviations caused by the effect of the series winding.  The 
series winding in a compound machine is essentially only present as a "loss 
compensation" winding that serves to provide additional m.m.f. to overcome terminal 
voltage drops due to armature resistance and field current diminution due to armature 
reaction.  The net effect of the series winding is to create a machine which is capable of 
providing (in cumulative mode) a regulated terminal voltage under varying electrical 
load. 
 
 To examine the electrical characteristic for the compound machine, in the steady 
state, we assume that the inductance in the field and armature can be ignored.  In the 
following analyses, the subscript "p" refers to the parallel (shunt) winding and the 
subscript "s" refers to the series winding.  Taking the long shunt machine as an 
example, we have the following relationships: 
 

E I R R Va a a fs t− ⋅ + =b g  
          ...(25) 
 
E Ka a= ⋅ ⋅Φ ω  

 
If we assume that the machine is operated in the linear region of its magnetisation 
curve, then the flux in the machine (Φ) is proportional to the effective field current (If) 
in the stator.  In order to determine the effective field current, we really need to work in 
terms of the m.m.f.s generated by each of the field components.  Ignoring armature 
reaction, we find the following relationships 
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              ...(26) 
 
where Nfp and Nfs are the number of turns in the parallel and series windings 
respectively and Nfp >> Nfs.  Ifs is the field current in the series winding.  In the case of 
the long shunt machine, this is the same as the armature current - in the case of the 
short shunt machine Ifs is the load current. The "±" relationship depends upon whether 
the fields are cumulative or differential, respectively. 
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 The long shunt machine is shown operating as a motor in Figure 9.24, where it is 
connected to a load of torque "T".  Note the different direction of armature current flow 
that occurs in changing from generator mode to motor mode.  It means that if we use 
the same connection polarity to the series field windings then a differential compound 
generator becomes a cumulative compound motor and vice versa. 
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Figure 9.24 - Long Shunt d.c. Motor Connected to Load of Torque "T" 
 
 
 In order to determine the external mechanical characteristic for the long shunt 
d.c. motor we assume that armature and field inductances have no influence in the 
steady state and then apply the normal relational equations.  As with other machines we 
also assume linearity in operation so that the flux is proportional to the effective field 
current.  The analysis is as follows: 
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Assuming the machine is cumulative, then the effective field current in the machine is 
given by: 
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Substituting the expression for armature current into the relationship between torque, 
flux and armature current gives us the required relationship between torque and speed: 
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              ...(28) 
 
 
Clearly a complex relationship exists between the speed and torque in a compound 
cumulative motor and a similar relationship applies for the differential motor (making 
allowances for plus and minus signs in the relevant equations). 
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9.2.7 Basics of Speed Control 
 
 In sections 9.2.3 to 9.2.6 we derived expressions for the relationships between 
torque and speed in the various configurations of d.c. machines.  It is evident from the 
analysis of the different motor types discussed in these sections that there are a number 
of electrical mechanisms that can be used to control the speed of a d.c. motor.  These 
include: 
 

• Control of terminal or armature voltage through variable external supply 
• Control of field current 
• Control of armature current. 

 
Each configuration of d.c. motor has its own unique range of mechanical characteristics 
and each has a common method by which speed is normally varied in order to achieve 
a desired result. 
 
 The simplest techniques for motor speed control involve the variation of 
resistance in either the field or armature circuits of the motor in order to vary the 
corresponding current.  This can be achieved via: 
 

• Manual or automated rheostats 
• Manual switched-resistance boxes 
• Electromagnetic switching of discrete resistances by "contactors". 

 
 These techniques are amongst the earliest and most reliable forms of d.c. motor 
speed control and are still in use today - however, it should be self evident that they 
contribute to unwanted energy losses and heating in d.c. motor systems. 
 
 The control of terminal (or armature) voltage through variation of the supply 
voltage can be simple if voltage variation occurs through a variable resistance between 
the supply and the motor.  However, this is somewhat crude and generates energy 
losses through resistive heating.  The more common, modern approach is to use a pulse 
width modulator (PWM) IC with power electronics to switch a steady d.c. power 
supply waveform on and off.  This generates a square waveform with a lower average 
voltage than the original.  Varying the duty cycle (ratio of "on time" to "off time") in 
the switching process can provide an average voltage from zero up to the original 
supply level.  One may well ask how a square wave voltage applied to a d.c. machine 
would affect its operation.  In practice, the relevant machine circuit inductances (field 
and/or armature) smooth the waveform and the machine can operate as normal. 
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 These control techniques are not only important for general speed variation 
during normal motor operation, but are also relevant to the starting of d.c. motors.  We 
already know that the back e.m.f. of a motor depends on its rotational velocity and 
therefore at "start", when the velocity of the motor is zero, then the back e.m.f. of the 
machine is also zero.  This means that if full terminal voltage is applied to the armature 
at start up, then an excessive current can flow until the motor speed builds up enough 
back e.m.f. to reduce that current.  If the starting current reaches a sufficiently high 
level then the windings on the machine can be damaged. 
 
 The two alternative mechanisms for reducing starting current in d.c. motors are 
relevant to our discussions on speed control and so are introduced at this point.  The 
first alternative is to provide a limiting resistance in series with the motor windings that 
will reduce the level of starting current.  The limiting resistance is gradually switched 
out as the motor speed increases.  In its manual form, this type of arrangement is 
simply referred to as a "d.c. starter" and is realised through a mechanical lever that 
switches out resistors as it is moved.  This sort of device has been used in series motors 
(such as those used in trolley/tram cars for most of this century).  A more modern 
version uses electromechanical contactors to switch in and out resistors and can be 
automated through simple computer control.  The second alternative in motor starting is 
to gradually increase terminal voltage to the rated level as speed (and hence back 
e.m.f.) increase.  This can be done by either of the two voltage control techniques 
described earlier. 
 
 In terms of speed variation during normal motor operation, we can best examine 
how this can be effected for each type of d.c. motor by examining some of the torque-
speed characteristics calculated in 9.2.3 - 9.2.6.  In the analyses that follow, we use the 
same terminology and labelling that was introduced in those earlier sections.  We again 
neglect the effects of armature reaction and so our analyses are only approximate, but 
nevertheless adequate for our purposes. 
 
 

(a) Separately Excited d.c. Motor 
 

If we carry out a simple rearrangement of equation (18), we can see that the 
relationship between speed and torque in a separately excited d.c. motor is 
relatively straightforward: 
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We could also have made the assumption of magnetic circuit linearity (as we did 
with analyses for other machines) and have arrived at the following relationship: 
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          ...(29) 
 

Using the derived equation, (29), we can plot the way in which the torque-speed 
characteristic is affected by changes in either armature (terminal) voltage or field 
current.  This is shown in Figure 9.25 (a) and (b). 
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Figure 9.25 - Variation of Separately Excited Motor Torque-Speed 

Characteristic through - (a) Field Current Control; (b) Armature Voltage 
Control 

 
 

Field current control can be most simply realised by placing variable resistance in 
the field winding or alternatively through a variable d.c. voltage supply for the 
field.  Armature voltage control can be realised through a variable d.c. voltage 
supply.  A third mechanism for varying the torque-speed characteristic of the 
separately excited motor is by varying the total resistance of the armature 
winding.  This is evident from the dependence of torque upon armature resistance 
Ra defined in equation (29).  By adding an additional, variable resistance (Rp) 
into the armature circuit, whilst maintaining constant terminal voltage and field 
current we can also vary the motor characteristic. 

 
Figure 9.25 is somewhat misleading because of its scale, which actually goes well 
outside the normal operating range in terms of torque.  In fact, separately excited 
and shunt motor configurations provide an essentially constant torque output over 
their normal operating range. 
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(b) Series Motor 
 

The torque-speed characteristic for a series d.c. motor can be determined from a 
simple rearrangement of equation (22): 
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From equation (30), it is clear that there are two mechanisms for varying the 
torque-speed characteristic of such a motor.  The first is to vary the terminal 
voltage, as previously described, and the second is to vary the total resistance in 
the combined armature and field circuit.  This is achieved by adding an additional 
variable resistance (Rs) into the series circuit.  The effect of the two mechanisms 
on the characteristic curve is shown in Figure 9.26 (a) and (b). 
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Figure 9.26 - Variation of Series Motor Torque-Speed Characteristic through 
(a) Terminal Voltage Variation; (b) Circuit Resistance Variation 

 
 

Regardless of the mechanism used for speed control in series motors, it is evident 
that their major advantage is a high (in fact maximum) torque development at 
start (zero speed).  This is to be expected since the back e.m.f. of the machine is 
zero at start and hence both field and armature current are at their maxima. 
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(c) Shunt Motor 
 

The torque-speed characteristic for the shunt motor can be determined from a 
rearrangement of equation (24): 
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              ...(31) 
 

We also know that the field current in a shunt d.c. machine is simply the armature 
voltage divided by the total field resistance, so the torque-speed characteristic is 
also dependent upon terminal (armature) voltage: 
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From equations (31) and (32), we can see that the torque-speed characteristic for 
a shunt motor is linear provided that armature voltage and field current are kept 
constant.  We can vary the field current by changing the total resistance of the 
field winding - that is, by adding a variable resistance to selectively lower the 
field current.  This provides a mechanism for accurately fine-tuning the speed 
over a small range.  Major changes in speed are effected by variation of the 
armature voltage.  The effect of the two mechanisms upon the torque-speed 
characteristic is shown in Figure 9.27 (a) and (b). 
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Figure 9.27 - Variation of Series Motor Torque-Speed Characteristic through 
(a) Terminal Voltage Variation; (b) Circuit Resistance Variation 
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(d) Compound Motor 
 

The torque-speed characteristic for the compound motor is somewhat complex, 
even given the assumptions we have made (neglecting armature reaction, 
assuming linear operation, etc.).  This was described by equation (28): 

 
 

T K V
K x R

K
R

V
R

x V
K x R

K
R

t

x fp

t

fp

t

x fp

= ⋅
⋅ ⋅ +

⋅ − ⋅ ⋅ + ⋅
⋅ ⋅ +

⋅ − ⋅
ω

ω
ω

ω( ) ( ( ))1 1
 

 
Plotting the relationship between torque and speed should provide a characteristic 
which is intermediate between the shunt and the series motor.  Upon examination 
of equation (28), we find that the basic mechanisms for speed control are: 

 
• Variation of total armature resistance 
• Variation of terminal voltage 
• Variation of total parallel field resistance. 

 
 A comparison of typical motor characteristics is shown in Figure 9.28, illustrating 
performance of differing motor configurations over normal operating ranges. 
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Figure 9.28 - Comparative Torque-Speed Characteristics for Different d.c. Motor 
Configurations 
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 In the final analysis, it should be evident that any variation of motor speed or 
torque for any d.c. motor can only be affected by changing the magnitude of the current 
in either the field or the armature winding.  Depending upon the machine configuration, 
this can be achieved through the addition of a variable resistance in the relevant 
winding or by variation of the voltages applied to the field and armature windings.  
This can be achieved by either analog (traditional) or digital electronic circuits. 
 
 All of the speed control techniques have limitations.  For example, variation of 
field resistance in a shunt machine provides accurate speed control over a limited 
range.  However, excessive weakening of the field, combined with the effect of 
armature reaction, can ultimately cause a machine to become unstable.  On the other 
hand, in a series machine, excessive armature circuit resistance control leads to high 
resistive losses, which are manifested in overall system heat. 
 
 Another, rather outmoded technique for d.c. motor speed control is the so-called 
"Ward-Leonard" system.  In this system, a prime mover is used to drive a d.c. 
generator, which in turn, provides the armature voltage for a d.c. motor.  The armature 
voltage output of the generator (and hence armature voltage to the coupled motor) is 
controlled by varying the field current to the generator.  If the d.c. motor in the Ward-
Leonard system is separately excited and its field current can be varied then the motor 
has both terminal voltage and field current control.  This was one of the system's main 
advantages in its inception.  The obvious disadvantage is that three separate machines 
are required to drive a single motor, so the system is both large and costly. 
 
 The need for a Ward-Leonard arrangement was effectively eliminated by the 
introduction of power electronics capable of "chopping" (switching on and off) a 
constant, d.c. waveform into a rectangular waveform whose average value is lower than 
the original level.  This technique represents the modern, energy-efficient way of 
controlling motor speed by terminal voltage variation. In subsequent sections of this 
text, we will look, in detail, at the means by which this form of d.c. motor control can 
be implemented with modern processing techniques for use in modern servo-drive 
systems. 
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9.3 Fundamentals of a.c. Synchronous Machines 
 
9.3.1 Introduction to Synchronous Machines 
 
 The synchronous machine is most commonly associated with large, regional 
power supply systems and is predominantly used in its generator mode.  It is 
traditionally also associated with three-phase power circuits in both generator and 
motor mode.  However, on a smaller scale, permanent (rare-earth) magnet synchronous 
machines are also used in motoring mode for servo control applications in CNC 
machines and robots. 
 
 There are many factors that influence the overall efficiency of a power supply 
and distribution system, and the methods of generation and transmission are certainly 
amongst the most important.  In the early parts of the twentieth century, as a result of 
then insurmountable technical barriers, associated with switching, transformation and 
transmission of d.c. voltages, it was generally decided that a.c. generation and 
transmission were the optimal solution for power supply systems.  This is essentially 
despite the efforts of Thomas Edison who was, in fact, a major proponent of d.c. 
systems and because of the efforts of Nicola Tesla who strove to implement a.c. 
systems. 
 
 Whilst Edison was able to demonstrate the concept of d.c. electric motors, Tesla 
arrived at the remarkable observation that a rotating magnetic field could be created by 
applying three sinusoidal voltage waveforms (separated by 120 electrical degrees) to 
three machine windings (separated spatially by 120 mechanical degrees), thus 
generating the basis for the first a.c. motor.  Despite many attempts at discrediting the 
concept of a.c. power generation and transmission (Edison, it was said, went around the 
United States electrocuting animals with a.c. electricity just to show how dangerous it 
really could be!), it is self-evident that a.c. power transmission has proven to be a 
successful phenomenon. 
 
 It is also evident that, given modern semiconductor technology, many of the 
problems associated with d.c. transmission and transformation can now be overcome - 
however it is most unlikely that there are any short term prospects for large-scale d.c. 
power generation.  Moreover, it has long been established that three-phase a.c. voltage 
generation produces a more efficient power system than single-phase power generation.  
As a result, we are left to ponder the use of a.c. devices such as the synchronous and 
asynchronous (induction) machines, which can efficiently utilise supplied energy in its 
raw form. 
 
 In this text, we examine the use of the synchronous machine and induction 
machine in their roles as motors and their potential for servo-drive applications. 
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9.3.2 Physical and Magnetic Circuit Characteristics of Synchronous Machines 
 
 The synchronous machine, like the d.c. machine, is composed of a stator and a 
rotor - however, in the synchronous machine, the main windings are normally in the 
stationary (stator) part of the machine and the field windings are in the rotational (rotor) 
part of the machine.  The field windings are brought out to terminals via a reliable slip-
ring arrangement.  There is no commutator involved in an a.c. machine and hence the 
need for short-lifespan brushes is eliminated, thus providing a considerable advantage.. 
 
 Another point that normally confuses people, on their first introduction to 
synchronous machines, is the fact that although the stator (armature) voltage is a.c., the 
actual current (excitation) applied to the rotor (field) of the machine is in fact d.c.  This 
should not really be surprising when one considers that the objective of a field winding 
is to replicate (in a variable form) the magnetic fields that would normally be produced 
by a permanent magnet - in other words a constant field. 
 
 A simplistic, single-phase synchronous generator configuration is shown in cross-
section in Figure 9.29, with one closed coil in the stator.  Compare this with the 
schematic of Figure 9.10 for the d.c. machine.  In the orientations shown in Figure 9.10 
and Figure 9.29, the flux distributions through the stator are essentially similar - 
however, in the d.c. machine, the flux distribution through the stator remains fixed 
regardless of rotor position while, in the a.c. machine, the flux distribution changes 
with rotor position.  Also note that the rotor shown in Figure 9.29 is not cylindrical, and 
is referred to as a "salient-pole" rotor.  A "salient-pole" rotor has very distinct 
(projecting) poles with concentrated windings.  Synchronous machines can also have 
cylindrical rotors (non-salient-poles) that more closely resemble the structure of a d.c. 
machine. 
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Figure 9.29 - Schematic of Single-Phase Salient-Pole Synchronous Machine 
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 In Figure 9.29, with the rotor orientation shown (α = 0°), the flux coupled 
through the stator coil is equal to zero, since the flux lines are collinear with the coil.  
As the rotor moves anticlockwise to α = 90°, the flux lines are perpendicular to the 
stator coil and the magnitude of the flux coupled through the coil is at a maximum.  
Moving the rotor to α = 180° returns the flux coupled through the stator coil to zero 
again.  Moving the rotor anticlockwise through to α = 270° anticlockwise brings the 
flux coupled through the stator coil to its maximum magnitude, but with a direction 
opposite to that at α = 90°.  At α = 360°, the rotor is at its original position and the flux 
coupled through the stator winding has returned to zero.  This is shown in Figure 9.30 
(a). 
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Figure 9.30 - (a) Flux Distribution as a Function of Rotor Position 
(b) Shaping Rotor Ends to Approximate a Sinusoidal Distribution 
(c) Induced Voltage in Stator Coil as a Result of Rotor Movement 
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 The shape of the flux distribution, as a function of angular position (α) is actually 
dependent upon the shape of the rotor ends.  We now know that the flux linked through 
the stator coil changes from zero to positive maximum, to zero, to negative maximum 
and back to zero as the rotor's angular position moves through 360 mechanical degrees.  
It should also be clear that if the ends of the rotor can be suitably shaped, then the flux 
distribution, as a function of angular position, can be made to approximate a sinusoidal 
waveform as shown in Figure 9.30 (b) and the generated armature voltage (per phase) 
can be determined from the e.m.f. equation (11).  If the rotor is turned at a uniform 
speed within the stator, then the angular position (α) is clearly proportional to time.  
Faraday's law tells us that the voltage induced in the stator coil will be the derivative of 
the flux waveform with respect to time and so, Figure 9.30 (c) shows that an 
approximately sinusoidal output voltage arises from the synchronous machine.  Figure 
9.30 (c) also highlights the fact that in a machine with 1 pole-pair, 360 mechanical 
degrees (2π radians) are equivalent to 360 electrical degrees. 
 
 Many synchronous machines have more than 1 pole-pair.  If a machine had, say, 
two pole-pairs, then for each complete 360° mechanical revolution of the rotor, the 
induced stator voltage would complete two electrical cycles because the flux would 
change polarity for every 90 mechanical degrees of rotor movement.  It is therefore 
evident that: 
 

Number of electrical Degrees = P x Number of Mechanical Degrees 
 
and 
 

Electrical Frequency = P x Mechanical Frequency 
 
where P is the number of pole-pairs in a synchronous machine. 
 
 It was earlier stated that pole-pairs in synchronous machines can either be 
generated through distinct (salient) structures, or through the traditional cylindrical 
rotor structure.  We have already examined the salient-pole structure exemplified in 
Figure 9.29.  Figure 9.31 shows the alternative structure through a schematic of a 
simplistic, cylindrical rotor synchronous machine with a single-phase stator coil.  A 
number of coils embedded into the cylindrical rotor are used to produce the two poles 
in this simplistic machine.   
 
 The cylindrical rotor machine is used in situations where the speed of revolution 
is relatively fast, and in generator mode, an adequate voltage output frequency can be 
produced by a low number of pole-pairs.  The salient-pole configuration, on the other 
hand, provides the opportunity for more pole-pairs to be included in the rotor.  This 
means that in situations where machines are used in generator mode, and the speed of 
rotor revolution is relatively slow, the salient-pole configuration can still provide a 
reasonable output supply frequency. 
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Figure 9.31 - Schematic of Single-Phase Cylindrical (Round) Rotor Synchronous 
Machine 

 
 
 The machine configurations discussed thus far have only been single-phase.  
However, the larger proportion of a.c. machines in existence are designed to operate as 
three-phase machines, particularly in the case of generators, where three-phase 
generation and transmission of electricity has been almost universally adopted. 
 
 It is not difficult however, to extrapolate the concept of the single-phase machine 
to the three-phase synchronous machine when we examine it in generator mode.  Take, 
for example, the simplistic, three-phase, salient-pole machine illustrated in Figure 9.32.  
This machine is identical to that in Figure 9.29, except that two, additional stator coils 
have been added.  The original coil is labelled R-R (Red Phase).  The second coil, 
displaced 120 mechanical degrees from the first (α = 120°), is labelled Y-Y (Yellow 
Phase). The third coil, displaced 120 mechanical degrees from the second coil (at α = 
240°) is labelled B-B (Blue Phase).  For each phase we can carry out the same flux 
distribution analysis that was described for the single-phase machine of Figure 9.29.  
Assuming that the salient-pole ends are appropriately shaped, the net result will be 
three sinusoidal flux distributions, displaced by 120°.  Applying Faraday's law, we find 
that the voltages induced in the stator coils will be three sinusoidal waveforms, 
displaced by 120 electrical degrees.  This is shown in Figure 9.33. 
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Figure 9.32 - Three-Phase Salient Pole Synchronous Machine 
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Figure 9.33 - (a) Stator Flux Distribution in Three-Phase Synchronous Machine 
(b) Induced Stator Voltages as a Result of Rotor Movement 
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 It is somewhat more difficult to comprehend how a synchronous machine acts as 
a motor.  In order to understand how synchronous and asynchronous motors operate, 
one needs to come to terms with the concept of the three-phase-rotating field - a 
phenomenon first brought to light by Tesla in the early part of the 20th century.  The 
three-phase-rotating field is created by applying three sinusoidal currents, displaced 
120 electrical degrees from one another to three coils, displaced 120 mechanical 
degrees from one another.  This is shown in Figure 9.34. 
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Figure 9.34 - Fields Generated through Application of Three-Phase Currents to 
Three Symmetrically Displaced Coils 

 
 
 Firstly one needs to look at just one winding in isolation (R-R, for example).  
When a steady current flows in R-R (in the direction indicated by the "into-page" and 
"out-of-page" symbols in Figure 9.34), we can apply the right-hand-thumb rule to see 
that the magnetic field intensity (hR) will act in the direction shown in that diagram.  
One can similarly deduce the directions of the magnetic field intensity vectors hY and 
hB.  Consider however, what happens to the magnetic fields in Figure 9.34 when we 
apply time-varying currents of the following form: 

 
iR(t) = I⋅cos ωt 
 
iY(t) = I⋅cos (ωt - 120°) 
 
iB(t) = I cos (ωt - 240°) 
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 Ampere's law tells us that the magnetic field intensity vectors will also be time 
varying.  Each of the magnetic field vectors maintains its axis of force, but its size and 
polarity varies with time in a cosinusoidal manner: 
 

hR(t) = H⋅cos ωt 
 
hY(t) = H⋅cos (ωt - 120°) 
 
hB(t) = H cos (ωt - 240°) 

              ...(33) 
 
Each vector is effectively a standing wave, whose axis is constant, but whose 
magnitude varies cosinusoidally with time.  The total magnetic field at any instant is 
the vector sum of the three components (the magnitude of each of which is time-
variant).  That is: 
 

htotal (t) = hR(t) + hY(t) + hB(t) 
              ...(34) 
 
 In Table 9.2, the size of each of the component vectors in (33) is listed in terms 
of the value of the cosine component at various values of time. 
 
 

Time 
 

ωωωωt 

hR(t) 
 

H⋅cos ωt 

hY(t) 
 

H⋅cos (ωt - 120°) 

hB(t) 
 

H cos (ωt - 240°) 
 

 
0° H ⋅1 − ⋅H 1

2 
− ⋅H 1

2 
90° 0 

H ⋅ 3
2  

− ⋅H 3
2  

180° − ⋅H 1 H ⋅ 1
2  

H ⋅ 1
2  

270° 0 
− ⋅H 3

2  
H ⋅ 3

2  
360° 

H ⋅1 − ⋅H 1
2  

− ⋅H 1
2  

 
Table 9.2 - Magnitude of Field Intensity Vectors at Differing Times 
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 The total field intensity vector at any time can be obtained graphically by adding 
the vectors described in equation (33).  Figure 9.35 shows the graphical additions for 
the times calculated in Table 9.2.  Note well that in one electrical cycle (360 electrical 
degrees), the total field intensity vector has rotated 360 mechanical degrees. 
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Figure 9.35 - Resultant Magnetic Field Vector for Varying Times (ωωωωt) 
 
 
 At any instant in time, the total magnetic field intensity will have a particular 
orientation with respect to the stator.  Looking at Figures 9.35 (a) to (d), and applying 
the cosine rule, we can deduce that the magnitude of the total field vector is a constant 
for all values of "ωt" and is equal to: 
 

3
2

⋅H
 

 
We can also see that at any instant in time, the total field vector points in the direction 
defined by "ωt".  However, we now need to calculate the effect of the total field vector 
at a time "ωt" upon a point "A" at orientation "α" in the stator.  This is shown in Figure 
9.36. 
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Figure 9.36 - Contribution of Total Field Vector to a Point "A" at Orientation " αααα" 

 
 
 In Figure 9.36, we have continued to use the field axis of the "red" phase as our 
origin (to retain consistency with previous calculations), but this is an arbitrary choice.  
The contribution of the total field vector, towards the orientation of point "A" at 
orientation "α" is given by: 
 

h ( ,t )P α α ω= ⋅ ⋅ −3
2

H tcosb g
      ...(35) 

 
 We can therefore say that at any point within the stator, the magnetic field 
intensity is a standing wave whose magnitude is dependent upon both time and the 
orientation of that point. 
 
 It is however, the resultant, rotating magnetic field intensity vector within the 
stator that is of prime importance to us in the understanding of synchronous motor 
operation.  The speed at which the resultant magnetic field intensity vector rotates is 
referred to as the synchronous speed of the machine.  It is independent of the number 
of poles on the rotor and it is independent of the rotor type (cylindrical / salient pole).  
The speed at which the vector rotates is in fact dependent only upon the frequency of 
the currents in the stator windings and the number of poles in the stator.  In Figure 9.35 
we graphically saw how the resultant field intensity vector rotated in the two-pole stator 
of the machine shown in Figure 9.34.  However, consider now a stator with four poles - 
that is one in which each phase current energises two series-connected coils.  This is 
shown in Figure 9.37. 
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Figure 9.37 - Fields Generated in a 4-Pole (2 Pole-Pair), 3 Phase Stator Winding 
 
 
 In the diagram of Figure 9.37, it is evident that we have a very different field 
distribution in a four-pole stator to that which we had with the two-pole stator.  For 
simplicity, look at one phase only (the red phase, say) and apply the right-hand-thumb 
rule to determine the magnetic field lines when a steady current flows in the red 
conductors.  Figure 9.37 shows the general tendency of the field intensity lines inside 
the stator air gap.  The other two phases (yellow and blue) also have the same 
distribution, but are each displaced from the red phase by 120 mechanical degrees. 
 
 Looking again at the red phase, we can see that if we were to plot the magnitude 
of magnetic field intensity (hr) as a function of angular position (α), over 360 
mechanical degrees, then we find that the movement from a South pole through North, 
South and North poles back to the South pole gives us two cycles of an approximately 
sinusoidal distribution.  In other words, 360 mechanical degrees correspond to 720 
electromagnetic (electrical) degrees.  It then follows that the electrical frequency of the 
field intensity waveform (ω) is given by: 
 

ω = P⋅ωmech  
              ...(36) 
 
where P is the number of Pole-Pairs in the stator.  In dealing with machines, it is 
generally simpler to visualise fields in terms of a single-pole-pair machine and to 
translate results to multiple-pole pair machines using the simple relationship given in 
(36). 
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 Equation (35) describes the speed (electrical) of the rotating magnetic field vector 
in a single-pole-pair machine.  This was referred to as the "synchronous speed" of the 
machine, and in the single-pole-pair machine, this is equivalent to the mechanical 
speed of rotation for the vector.  In general, it is the mechanical synchronous speed of 
rotation in which we are interested so, for multiple-pole-pair machines, we use the 
translation of equation (36) to define the synchronous mechanical speed of rotation: 
 

ω ω

π π

mech synchronous

s

s

P
N f

P

N f
P

( ) =

⋅ ⋅ = ⋅ ⋅

= ⋅

  ( radians/ second)

2

  ( revolutions / minute)

60
2

60
   ...(37) 

 
where: 

Ns is the mechanical synchronous speed of the machine in revolutions/minute 
f = Electrical supply frequency applied to stator coils 
P= Number of pole-pairs in the stator 

 
 It must be stressed that the synchronous speed of the magnetic field in the stator 
is dependent on the number of poles in the stator and is not dependent on rotor poles, 
nor is it even dependent upon the stator winding having a rotor.  However, that being 
said, it should also be noted that in synchronous machines, the rotor is designed so that 
there are an equivalent number of rotor and stator poles.  This is shown in Figure 9.38. 
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Figure 9.38 - Synchronous Machine with 3-Phase, 2-Pole-Pair Stator and Four-Pole 
Rotor 
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 Given that we have a synchronous machine, whose rotor and stator are energised 
with current, it is evident that there must be a net torque developed on the rotor.  
Conceptually, this is best understood by examining a simplistic, single-phase, 
cylindrical-rotor synchronous machine as shown in Figure 9.39. 
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Figure 9.39 - Torque Development in Synchronous Machines 
 
 
 The cylindrical-rotor machine (non-salient-pole) configuration is chosen because 
it creates an electromagnetic environment analogous to that described in section 9.1 
(xii), where we examined the torque produced on a current loop.  In order to calculate 
the torque produced in Figure 9.39, we can assume that a current if(t) flows in the field 
winding and a current ia(t) flows in the armature.  We use the Lorentz relationship (7), 
to determine the force on each of the rotor conductors: 
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 The net torque on the rotor is determined by resolving the force vectors into 
components parallel to and perpendicular to the axis of the rotor coil (as shown in 
Figure 9.39).  The components perpendicular to the rotor coil are additive and are those 
that create a net torque on the coil (those parallel to the coil are collinear and cancel 
out).  The net torque on the coil (of radius "r") is twice that attributed to any one 
conductor and is given by: 
 

T i r

i r
o f

o

o f

= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ −

= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

2 90

2

µ δ

µ δ

l h

l h
r s

r s

cos

sin

c h
    ...(38) 

 
If there are "Nf" turns on the field winding, then the torque on the rotor increases by a 
factor of Nf.  The product of Nf and if is the rotor m.m.f. (Fr).  The magnetic field 
intensity of the stator (hs) can be determined from Ampere's law: 
 

h dl =s • ⋅ =z N is s Fs  
 
and is thus dependent upon the stator m.m.f. (Fs). 
 
 We should also note that in a machine with "P" pole-pairs, the torque is increased 
by a factor of P.  Combining these pieces of information, we can therefore write an 
expression for the torque developed in a synchronous machine as follows: 
 

T K P N i N i
T K P

s s r r= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
= ⋅ ⋅ ⋅ ⋅

sin
sin

δ
δF Fs r       ...(39) 

 
where K is a synchronous machine constant, dependent upon the geometry and material 
properties of the machine.  The components of "K" arise from the application of 
Ampere's Law.  The net torque acts in such a way as to try to align the two magnetic 
fields. 
 
 Looking at the geometry of Figure 9.39, we can determine the following 
relationship between the field intensities: 
 

h hs sr⋅ = ⋅sin sinδ δ r  
 
Thus, equation (39) can be rewritten in another common form - that is, in terms of the 
angle between the rotor field and the resultant stator/rotor field: 
 

T = K⋅P⋅Fsr⋅Fr⋅sin δr  
              ...(40) 
 
The angle "δr" is referred to as the "Torque Angle" of the rotor. 
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 Until now, in examining the torque produced in a synchronous motor, we have 
assumed a single-phase stator winding.  In a single-phase machine such as that in 
Figure 9.39: 
 

• The direction of the stator field intensity vector is constant 
 
• The stator current is sinusoidal and so the magnitude of the stator field 

vector (or Fs) is sinusoidal 
 
• The rotor current has a constant d.c. value. 

 
Equation (39) tells us that there is no net starting torque produced in such a machine if 
the rotor and stator fields are aligned (ie: δ = 0°).  If the rotor is physically displaced so 
that the torque angle is greater than zero, then a torque will be produced such that its 
magnitude varies sinusoidally with time (ie: pulsating torque). 
 
 The same torque analysis can be carried out for a three-phase synchronous 
machine, because we know that the three armature currents in the stator produce a 
rotating field intensity vector hs.  The physical effect of the interaction between the 
rotor field and the stator field is to create a net torque which endeavours to align the 
two fields.  If we assume that the rotor spins at synchronous speed (Ns), then we can 
see that the torque on the rotor will continually attempt to bring it into alignment with 
the moving stator field.  The result, in the steady state, is that the rotor spins at 
synchronous speed.  However, at any instant, the torque exerted on the rotor is still 
dependent upon the sine of the relative displacement between the moving stator and 
rotor fields.  If there is no displacement between the fields (ie: the fields are aligned) 
then there is no torque on the rotor. 
 
 The torque relationship in a three-phase synchronous machine can best be 
understood by examining Figure 9.40, where the stator field rotates at synchronous 
speed (ωs radians/second) and the rotor spins at ωr (radians/second).  In the steady state, 
where the rotor speed is equal to the stator speed, the angle δ is a constant and the 
torque equations (39) or (40) can be simply applied: 
 

T K
or
T K r

= ⋅ ⋅ ⋅

= ⋅ ⋅ ⋅

F F

F F

s r

sr r

sin

sin

δ

δ  
 
 Although the result looks similar to that for a single-phase motor, there is a 
substantial difference.  The magnitude of the stator field that arises from the three, 
time-displaced armature currents (and hence m.m.f., Fs) is constant in size, as we have 
shown in Figure 9.35.  This means that for a constant δ, the three phase machine 
produces a constant torque rather than a pulsating torque. 
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Figure 9.40 - Torque Production in a Three-Phase, Single-Pole-Pair, Synchronous 

Machine 
 
 
 If the stator field speed and the rotor speed are different, then equations (39) and 
(40) become quite complex, because δ (or δr) are time varying and dependent upon the 
relative movement of the stator and rotor fields. 
 
 In a realistic synchronous motor, if we were to apply a mechanical load to the 
rotor shaft, then we would increase the value of δ (or δr) and hence the armature would 
draw more current to produce the corresponding increase in torque.  In practice this 
occurs by the rotor instantaneously slowing down when a load is applied, thus 
increasing the value of δ (or δr).  The rotor then returns to synchronous speed.  
However, once we have loaded the machine to the extent where δ (or δr) becomes 
greater than 90 degrees, the machine would become unstable, because the torque 
produced by the machine would start to decrease (in accordance with its sinusoidal 
dependence upon δ or δr).  The rotor would pull out of synchronism with the stator field 
and the torque would then fluctuate with the time dependent change of torque angle. 
 
 The overall characteristic is shown in the typical synchronous machine chart in 
Figure 9.41.  The Torque vs Torque Angle characteristic is plotted on the assumption 
that field current and the resultant flux, generated by the armature and field, remain a 
constant. 
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Figure 9.41 - Torque-Angle Characteristic for Three-Phase, Synchronous Machine 

 
 
 In terms of torque production, it should be noted that in generator mode, the 
developed torque opposes the direction of motor rotation.  In motor mode, the torque is 
in the direction of motor rotation (it is, of course, the cause of motor rotation). 
 
 It should also be noted that neither the salient-pole nor cylindrical-rotor 
synchronous machines are naturally "self-starting".  In other words, the motors, as we 
have shown them thus far, would not automatically run up to synchronous speed.  This 
might seem somewhat surprising on an intuitive basis, but the explanation is actually 
straightforward.  The stationary rotor has inertia which needs to be overcome by the 
torque produced through the interaction of the rotor and stator fields.  However, the 
torque is produced when a north pole of the rotor attempts to align itself with a south 
pole of the stator.  When the rotor is stationary, the rotational movement of the stator 
field (hence poles) is too rapid for the rotor to be able to lock on to the synchronous 
speed.  In other words, the alignment torque that is produced, is only produced for a 
very short time period and hence insufficient energy is generated for the rotor to spin.  
This problem is overcome through the induction motor effect.  To generate a starting 
torque a number of other short circuited conductors are inserted into the rotor.  These 
are referred to as "damper bars".  Alternating currents are induced into the damper bars 
and a starting torque is then produced.  The damper bars go out of action once the 
motor has pulled into synchronous speed. 
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9.3.3 Electrical Models and Performance Characteristics 
 
 In dealing with the magnetic characteristics of the synchronous machine in 
section 9.3.2, we needed to consider the cylindrical-rotor and salient-pole machines 
separately because the physical shapes of the rotors differed and because the 
mechanisms for torque production differed.  It should not be surprising, therefore, that 
the electrical circuit analysis of synchronous machines is also dependent upon the rotor 
configuration.  There are, however, some common analyses and representations 
amongst the two different physical configurations.  The most common of these are the 
open-circuit and short-circuit characteristic curves. 
 
 The open-circuit characteristic curve for a synchronous machine is obtained by 
running the machine in generator mode and measuring the open-circuit (induced) 
armature terminal voltage for a range of different rotor field currents, while the 
machine rotates at a constant (synchronous) speed.  This characteristic is typical of the 
magnetisation curves of many ferromagnetic materials and is analogous to that obtained 
for the d.c. machine.  The short-circuit characteristic is obtained by running a 
synchronous machine as a generator (at synchronous speed), for a range of field-
currents, while the armature terminals are short-circuited.  Typical open and short-
circuit characteristics are shown in Figure 9.42.   
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Figure 9.42 - Typical Open and Short-Circuit Characteristics for a Synchronous 
Machine 
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 Normally, when we discuss synchronous machines, we are referring to three-
phase machines.  However, the electrical models that we create for the armatures of 
such machines are developed on a per-phase basis.  The models can then be converted 
to three-phase forms, when the phases are interconnected in a star or delta arrangement.  
The models are described below: 
 
 
(i) Cylindrical (Round) Rotor Synchronous Machine 
 

The cylindrical rotor machine is electrically modelled in much the same way as a 
d.c. machine.  That is, by a back e.m.f. voltage element, together with a winding 
resistance and winding inductance.  This is shown in Figure 9.43. 
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Figure 9.43 - Circuit Model for One-Phase of a Three-Phase, Cylindrical-Rotor 
Synchronous Machine 

 
 

In Figure 9.43, we see clearly the need to be able to deal with both steady-state 
and transient problems.  In the steady-state, the field current is constant and d.c., 
hence the field inductance has no reactance and therefore rotor circuit is trivial to 
analyse.  Under transient conditions, both the armature and the field circuits can 
be analysed using LaPlace methods to derive the time-dependent responses.  The 
armature winding, naturally carries an a.c. current even in the steady state, so it is 
commonly analysed in the frequency domain using phasor method.  The armature 
inductance creates an impedance (reactance) known as the synchronous reactance 
(Xs).  The synchronous reactance in a cylindrical rotor machine is made up of two 
components: 
 

• Magnetising Reactance 
• Leakage Reactance. 
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The magnetising reactance accounts for the voltage drop caused by the field 
weakening effects of armature reaction (similar to the effect in d.c. machines).  
The leakage reactance accounts for flux leakage across the armature slots and coil 
ends.  Leakage reactance also accounts for the fact that in a realistic machine, in 
addition to the rotating magnetic field, there are other harmonic components due 
to deviations from ideal sinusoidal component field waveforms. 

 
The combined synchronous reactance and resistance are referred to as the 
synchronous impedance of the machine.  In a cylindrical rotor machine, the 
synchronous reactance is independent of rotor position and the value of the 
armature resistance is much less than the value of synchronous reactance.  The 
synchronous impedance is therefore approximately equal to the synchronous 
reactance.  It can be determined from the characteristic curve of Figure 9.42 by 
the Thévenin/Norton technique of dividing the open-circuit voltage by the short-
circuit current at a given field excitation.  A typical phasor diagram for a single 
phase of a synchronous machine is shown in Figure 9.44. 
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Figure 9.44 - Phasor Diagram for Synchronous Machine in Generator Mode 
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In both motoring and generating modes, the cosine of the angle between the 
terminal voltage on the machine and the armature current flowing through the 
machine is the power factor of the machine and is defined in an analogous 
manner to all other a.c. devices.  The angle between the back e.m.f. of the 
machine and the terminal voltage of the machine is referred to as the "power 
angle" of the machine. 

 
If we assume that the armature resistance is negligible compared to the 
synchronous reactance, then we can derive the following expression from the 
diagrams in Figure 9.44: 

 
I X Ea s o⋅ ⋅ = ⋅cos sinφ δ 

           ...(41) 
 

The power, per phase, developed by a synchronous machine, in generator mode, 
is defined as follows: 

 
P V It a= ⋅ ⋅cosφ  

              ...(42) 
 

Combining equations (41) and (42) gives us an expression for developed power in 
terms of the angle between terminal voltage and back e.m.f.: 

 

P E V
X
o t

s

= ⋅ ⋅sinδ
 

              ...(43) 
 

The phasor diagram for motoring mode, provides a negative power angle (δ) and 
similarly, the power developed by the motor is defined as negative (since it 
consumes electrical power).  The relationship defined in (43) therefore holds for 
both generator and motor mode and is illustrated in Figure 9.45. 

 
Note the duality between the torque angle characteristic for the cylindrical rotor 
machine and the power angle characteristic.  They are similar relationships but 
are defined in opposite frames of reference.  In the torque angle characteristic, 
torque (hence mechanical power) produced by the machine is defined as positive.  
In the power angle characteristic, electrical power produced by the machine is 
defined as positive. 
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Figure 9.45 - Power Angle Characteristic for Cylindrical Rotor Synchronous 
Machine 

 
 

Looking at equation (41), together with the phasor diagram for motoring mode 
operation in Figure 9.44, we can analyse the cylindrical rotor synchronous motor 
in terms of its performance under constant output power.  Equation (41) and the 
phasor diagram tell us that if we keep the terminal voltage a constant, and the 
power output a constant, then varying the field current must change both the 
armature current and the power factor.  This is because the magnitude of the back 
e.m.f. of the machine (Eo) is dependent upon the size of the field current (as 
illustrated by the open-circuit characteristic).  If the magnitude of Eo changes 
while the terminal voltage remains constant, then both armature current and 
power factor must change. 

 
Whenever the field current is reduced to a level where Eo is less than Vt then the 
motor is said to be "under-excited" and the power factor is "lagging" (ie: Ia lags 
Vt in phase).  When the field current is increased to a level where Eo is greater 
than Vt, then the motor is said to be "over-excited" and the power factor is 
"leading (ie: Ia leads Vt in phase).  The synchronous motor can therefore be used 
as a mechanism for adjusting the power factor on a load. 
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(ii) Salient Pole Synchronous Machine 
 

In terms of magnetic circuits, the distinguishing factor of the salient pole 
synchronous machine is that there is a high reluctance in the air gap between the 
salient poles of the rotor, whereas the magnetic path along the rotor axis is low in 
reluctance.  When we analyse such machines in an electrical sense, we need to do 
so by considering the so-called "in-phase" or direct (d) axis components of the 
model that arise whenever the stator and rotor fields are aligned and the 
"quadrature" components, in between stator poles. 
 
As a result of the non-uniformity of the air gap in a salient pole machine, its 
characteristics are dependent upon the geometric position of the rotor.  We can 
model this by resolving the armature current (ia) into two components.  One of 
these is in phase with the direct flux axis of the machine (id) and the other is in 
quadrature with the direct flux axis of the machine (iq).  Faraday's law tells us 
that the induced voltage in a coil is proportional to the derivative of the changing 
flux linkage.  In phasor notation, this means that the back e.m.f. in the armature 
(Eo) is 90° ahead of the direct axis flux and is therefore in line with iq.  The direct 
axis current (id) is 90° behind the quadrature axis component. 

 
It is also important to note that the salient pole machine is modelled in terms of 
two synchronous reactances - one for the direct axis current (Xd) and one for the 
quadrature axis current (Xq).  These values are not the same.  However, as with 
the cylindrical rotor machine each of the components of the synchronous 
reactance is composed of two quantities - a leakage reactance component (Xl) and 
a magnetising reactance (Xϕd or Xϕq).  The relationship is as follows: 

 
Xd = Xl + Xϕd 
 
Xq = Xl + Xϕd 

 
The phasor diagram for the salient pole synchronous machine is shown in Figure 
9.46, where, as in cylindrical rotor machine analysis, we can make the 
assumption that the winding resistance is negligible in comparison with the direct 
and quadrature synchronous reactances. 

 
To derive the equivalent "power angle" characteristic for the salient pole machine 
we refer to the phasor diagram in Figure 9.46 (a) and apply basic trigonometry: 
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However, from the phasor diagram, 
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Therefore, 
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sin sinδ δ1
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              ...(44) 
 

which provides the same characteristic as the cylindrical rotor machine in 
situations where the quadrature and direct axis reactances are identical. 
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Figure 9.46 - Phasor Diagrams for Salient Pole Machines 
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 It has already been stated that the majority of synchronous motors are of the 
three-phase variety and we have already seen how the individual phases in the 
synchronous machine are modelled through the use of vector analysis, for both 
cylindrical rotor and salient-pole machines.  However, in order to look at the three-
phase synchronous machine as a component in an a.c. system, we provide a simplistic 
circuit showing just the armature windings of the machine. We do not generally show 
the field winding, firstly because it is d.c. and secondly, because variations in field 
current, affect the back e.m.f. of the machine in a non-linear manner and therefore its 
role in the circuit does not lend itself to simple phasor analysis.  A three-phase machine 
is shown schematically in both star and delta arrangements in Figure 9.47. 
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(b)  Delta-Connected Three-Phase Machine Configuration
 

 
Figure 9.47 - Possible Three-Phase Synchronous Motor Connections 
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 If we assume, in Figure 9.47, that the same machine has been connected in the 
two different configurations, with the same line-to-line supply voltages in each case, 
then the following points emerge: 
 

• The voltage across the armature windings in the delta connection is √3 
times the voltage across the windings in the star connection 

 
• The current through the armature windings in the star connection is √3 

times the current through the armature windings in the delta connection 
 
• A natural neutral point is connected by connecting one side of each of the 

three armature windings to a common point. 
 
With these points in mind, we can treat the vector models of Figures 9.44 and 9.46 as a 
single-phase of either of the three phase systems shown in Figure 9.47. 
 
 It may appear strange that we have discussed the modelling of three-phase 
machines using single-phase models but that we have made little mention of the single-
phase synchronous machine.  The major reason for this is that such machines are not 
common (particularly in servo applications), and secondly, are often custom designed 
for low cost systems.  It is of course possible to have single-phase synchronous motors, 
but as we have seen, these motors develop a pulsating torque rather than the uniform 
torque produced in a three-phase machine. 
 
 We have also mentioned the fact that three-phase motors can only be made to 
rotate at synchronous speed through the addition of additional coils in the rotor (damper 
bars) or through "pony" motors that drive the rotor up to synchronous speed.  Single-
phase motors can be started by the use of auxiliary windings which are connected in 
parallel with the main winding and physically displaced from it by 90 electrical 
degrees.  Although an identical voltage is applied to both windings, the ratio of 
synchronous reactance to winding resistance in each of the windings is different, thus 
resulting in armature currents of different phases.  The motor is called a "split-phase" 
motor or two-phase motor.  However, one of the windings (the auxiliary) is by-passed 
via a centrifugal switch that activates when the motor runs up towards synchronous 
speed.  The phase difference between armature currents can also be obtained through 
the use of a capacitor, connected in series with the auxiliary winding.  Motors with this 
configuration are also "split-phase" motors but are also referred to as "capacitor start" 
motors. 
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9.3.4 Basics of Synchronous Motor Speed Control 
 
 It should be evident from the discussions in sections 9.32 and 9.33 that there is 
really only one feasible way to control the speed of a synchronous motor in order to 
create a servo controlled motor system.  Unlike the d.c. machine, we cannot vary the 
terminal voltage applied to the armature of the synchronous machine in order to change 
its speed and nor can we vary the intensity of the field current.  These measures only 
serve to reduce torque, thereby causing the rotor to move away from synchronous speed 
and become unstable. 
 
 Once we discard these measures, it is almost self-evident that the only electrical 
technique that is available to control the speed of the synchronous motor is the 
variation of the natural, synchronous speed.  We know that this speed is dependent 
upon the frequency of the supply voltage and the number of magnetic poles created in 
the stator windings.  Since we cannot practically vary the number of poles in such a 
machine, our only technique for speed control is the variation of the armature voltage 
supply frequency. 
 
 At a first glance, this may seem a simple task but when one applies some thought 
to the issue, one realises that it is indeed quite complex.  It is in fact, only since the 
advent of low cost digital circuits, processors and power electronics devices that supply 
frequency based speed control of synchronous machines could be achieved.  Moreover, 
the advantages of synchronous machines (over d.c.) are not enormous if one has to 
supply a d.c. field (through slip-rings) and a variable frequency a.c. armature voltage.  
For this reason, the ability to generate "rare-earth" (permanent) magnet based rotors for 
such machines has also made a major contribution to the feasibility of such motors for 
servo applications. 
 
 There is a potential to provide square-wave (chopped or PWM) voltages to 
modern synchronous machines in place of the traditional sinusoidal voltages.  This 
substantially minimises the complexity of the speed control techniques that need to be 
implemented, but needs to take into account the electromagnetic effects generated by 
the harmonic constituents of the non-sinusoidal voltage waveforms.  The net result is 
that we can expect that the overall speed-control circuitry for synchronous a.c. motors 
is likely to be more complex and costly than that for d.c. machines. 
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9.4 Fundamentals of Induction (Asynchronous) Machines 
 
9.4.1 Introduction to Induction Machines 
 
 Induction machines are a.c. devices which can function on one, two or three 
phases. They are perhaps the most common of all rotating electrical machines.  
Induction machines are predominantly used as motors because they do not inherently 
have the capacity to act as generators and have poor characteristics when forced into 
generator mode. 
 
 Many text books cover the fundamentals of induction machines before they cover 
the subject of synchronous machines.  In this book however, we have deliberately 
chosen to reverse the order because it is felt that induction machines are a subset of 
synchronous machines.  An induction machine is, in essence, a synchronous machine 
with the rotor coils short-circuited (rather than energised with d.c. currents).  The fact 
that no energy needs to be supplied to or by rotor windings means that the induction 
machine is the most cost-effective machine to produce for a given power rating. 
 
 The induction machine, unlike the d.c. machine and the synchronous machine, 
does not require slip rings, short-lifespan brushes or expensive commutators to transfer 
energy to and from a rotating set of windings.  Unlike the synchronous machine, the 
induction machine only requires an a.c. armature excitation and needs neither d.c. field 
current excitation nor costly, permanent magnets in the rotor in order to produce a 
torque.  There are some varieties of induction motor which do provide slip-rings and 
terminals to the outside world.  These are referred to as "wound rotor" machines and 
the purpose of the rotor terminals is to allow users to insert variable resistances into the 
rotor coils to vary the speed of the machine.  The more common induction machine is 
the "squirrel-cage" type which has a rotor composed of longitudinal bars, short-
circuited by end-rings, and has no external rotor connections. 
 
 The fact that induction machine rotors require no connection to the outside world 
means that the machines can be better protected from chemical, gaseous and physical 
contaminants in the industrial environment.  Added to this is the fact that the machine 
speed varies little over the normal operating torque range.  All of these factors tend to 
indicate that induction machines would intuitively be an ideal choice for the majority of 
motor applications, and particularly for servo drive systems.  The problem of course is 
that in the early years of motor development, it was difficult to accurately control the 
rotational speed of the induction motor by using traditional analog techniques.  The 
advent of low-cost, high-performance processors, coupled with compact power 
electronics now means that it is possible to create speed and position control circuits 
for the induction machine.  As the cost of these drive circuits becomes lower, the 
natural advantages of the three-phase induction machine (coupled with its low cost) 
will increase its usage in servo drive systems. 
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9.4.2 Physical Characteristics of Induction Machines 
 
 For all intents and purposes, the stator in a three-phase induction machine can be 
assumed to be identical to that of a synchronous machine.  The induction machine 
stator is composed of three sets of windings, displaced by 120 mechanical degrees and 
energised by currents displaced by 120 electrical degrees.  In fact, in some machines, 
the rotor is an interchangeable component so that the machine can be converted from a 
synchronous machine to an induction machine and vice-versa.  In section 9.3.2, we 
addressed the issue of the generation of a rotating magnetic field in the three-phase 
stator windings of a synchronous machine.  The same analysis also applies to the three-
phase induction machine.  For this reason, in this section, we attempt to deal with the 
areas in which the induction machine differs from the synchronous machine.  The most 
obvious difference between the machines is in the rotor windings.  The two rotor 
configurations common to the induction machine are shown in Figure 9.48. 
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Figure 9.48 - Different Configurations of Induction Machine Rotors 
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 Figure 9.48 (a) shows the more prevalent form of induction machine rotor 
configuration - the so-called "brushless" machine configuration or "squirrel cage" 
configuration.  In this robust configuration, conducting loops are formed inside the 
rotor by embedding conducting bars into the laminated, iron core of the rotor and then 
short-circuiting the ends of the bars with end-rings.  This is the simplest and most 
robust form of induction machine since it requires no rotor connections to the outside 
world and because rotor bars are often cast into place.  However, the design of such 
motors tends to be compromised by the fact that the rotor resistance is non-variable.  
As we shall later see, a high starting torque is achieved by a high rotor resistance, but 
during normal operating conditions, a higher motor efficiency requires a low rotor 
resistance. 
 
 Figure 9.48 (b) shows the "wound rotor" configuration of induction machine.  
This design has many of the inherent disadvantages of both d.c. and synchronous 
machines in that rotor conductors need to be brought out via slip rings and brushes.  
However, the objective of such an arrangement is to enable variable external resistors 
to be placed into the rotor in order to alter the starting torque of the machine while 
providing a higher operating efficiency under normal conditions. 
 
 We need to note that in both Figure 9.48 (a) and (b), the conductors/bars on the 
rotor are not parallel to the axis of rotation.  They are in fact skewed across the 
cylindrical surface.  The purpose of the skewing is to minimise the effects of induced 
harmonics in the rotor. 
 
 Electromagnetically, both the squirrel cage and wound rotors behave similarly.  
We already know that the application of three-phase voltages to the armature terminals 
of a three-phase stator winding produces a magnetic field that rotates at a synchronous 
speed Ns as defined by equation (37).  We also know that there can be no torque 
produced on the rotor unless there are two magnetic fields within a system tending to 
align themselves.  In the induction machine, the first of these fields is produced by the 
armature currents in the stator, but we have neither a permanent magnet nor an 
energised set of windings in the rotor, so there is no inherent second field.  The 
induction machine, as its name suggests, relies on an e.m.f. being induced in the 
windings to create a rotor current, which then creates the second magnetic field 
required for torque production.  In order to understand the mechanisms for torque 
production, it is first necessary to understand the definition of "slip". 
 
 We will shortly see that in an induction motor, the rotor can never reach 
synchronous speed.  In general it will have a rotational speed (N) slightly less than 
synchronous speed.  Slip is then defined as follows: 
 

s N N
N
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              ...(45) 
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 Faraday's law tells us that the e.m.f. induced in the rotor windings is proportional 
to the rate of change of flux linkage through the windings.  The current through the 
rotor windings is then determined by dividing the induced e.m.f. by the impedance of 
the rotor windings.  However, if the rotor spins at synchronous speed and the stator 
field spins at synchronous speed, then there is no changing flux linkage through the 
rotor, hence no e.m.f. induced in the rotor, hence no current induced in the rotor and 
hence no torque produced.  The rotor in an induction motor must spin at less than 
synchronous speed in order for torque to be produced. 
 
 When the rotor is stationary (ie: slip = 1), the frequency of the e.m.f (or current) 
induced in the rotor is the same as the frequency of the stator.  However, as the rotor 
speeds up, the flux linkage is dependent upon the difference between the stator and the 
rotor fields, and so, the frequency of the induced rotor e.m.f. is then "s" times the 
frequency of the armature supply.  It is therefore apparent that the induction machine 
acts as a transformer, which produces an induced secondary voltage equal to "s" times 
the primary voltage and also transforms the frequency of the secondary voltage by a 
factor of "s" times the primary frequency.  The induced rotor e.m.f. is said to have a 
frequency known as the "slip" frequency. 
 
 
 
9.4.3 Electrical and Magnetic Models and Performance 
 
 In an electrical sense, the induction machine is normally modelled in the same 
way as a transformer, since it is after all, a rotating transformer providing both voltage 
and frequency conversion.  The electrical circuit model for the induction machine takes 
into account both the rotor and stator windings and their currents and voltages.  It is 
shown in Figure 9.49 for the condition where the rotor is stationary. 
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Figure 9.49 - Electrical Circuit Representation of One Phase of a Three-Phase 
Induction Motor at Stand-Still 
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  In Figure 9.49, a number of electrical parameters are shown in an analogous 
sense to the electrical transformer.  They are defined as follows: 
 

R1:  Resistance of armature winding (normally neglected) 
X1:  Leakage reactance of the stator (normally small and neglected) 
Ro:  Element representing hysteresis and eddy current loss 
Xo:  Magnetising reactance of core (normally larger than for a transformer) 
X2:  Leakage reactance of the rotor 
R2:  Resistance of Rotor 
E2:  Induced Rotor e.m.f  (= Nr/Ns times the stator e.m.f.) 

 
 Once the machine is rotating at a speed "N" and hence a slip "s" then the circuit 
model needs to be changed slightly.  The voltage induced in the rotor and its frequency 
become "s" times the stand-still value.  As a result, the effective leakage reactance in 
the rotor is "s" times the stand-still value.  This is shown in Figure 9.50. 
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Figure 9.50 - Electrical Circuit Representation of One Phase of a Three-Phase 
Induction Motor at Speed "N" and Slip "s" 

 
 
 The model shown in Figure 9.50 is not as useful as we might like.  It shows an 
induced voltage in the rotor dependent upon the slip.  We can however, manipulate the 
model by scaling down the induced rotor voltage and the rotor impedances by a factor 
of "s" so that we can more simply examine the induction machine characteristics.  This 
development of the rotor model is shown in Figure 9.51. 
 
 In Figure 9.51, Model (a), we note that the rotor current I2 is unaffected by 
scaling the induced rotor voltage and impedances by a factor of "s".  In Model (b) of 
Figure 9.51, we divide the rotor resistance of Model (a) into two components.  One of 
these is the physical resistance of the windings at stand-still (R2) and the other 
component is referred to as an "equivalent load resistance" which is dependent upon 
slip.  Adding these resistances together obviously gives the same value as in Model (a).  
However, the net effect of this manipulation is to divide the rotor into "slip 
independent" impedances the same as those in Figure 9.49 and a slip dependent 
apparent load resistance. 
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Figure 9.51 - Equivalent Representations of One Phase of a Three-Phase Induction 

Machine Rotating with Slip "s" 
 
 
 Given model (b) of Figure 9.51, we can easily determine the torque-speed 
characteristic of the induction machine in motoring mode  (in this book we will ignore 
the seldom used induction generator mode) when it is rotating at a speed "N" (or ω) and 
the synchronous speed is Ns (ωs).  The mechanical power developed in the motor is 
equal to the power developed in the equivalent load resistance in the rotor.  The 
developed power for the three-phase motor is simply calculated by multiplying the 
power in the single-phase circuit by three: 
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We also know that: 
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The torque developed at the shaft is slightly less than that calculated above because of 
the effects of friction and windage. 
 
 It is also a relatively straightforward task to determine the speed at which 
maximum torque occurs.  This is done by taking the derivative of equation (48) with 
respect to slip and calculating the value of slip for which the derivative equals zero.  
This yields a slip value of: 
 

s R
X

= ± 2
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Substituting this value of slip into equation (48) gives us a maximum torque of: 
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 There are many important points which arise from this analysis of induction 
machines.  They are summarised as follows: 
 

(i) Torque is developed even with a slip equal to one (zero speed) and hence 
the motor is self-starting 

 
(ii) The size of the starting torque can be changed by variation of rotor circuit 

resistance 
 
(iii) The maximum value of torque is independent of the rotor circuit resistance 
 
(iv) The starting torque is typically under 50% of the maximum torque 
 
(v) The torque is zero at synchronous speed 
 
(vi) If the rotor speed is greater than the synchronous speed then the machine 

absorbs mechanical energy and converts it to electricity - in this mode the 
machine acts as an induction generator 
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 A typical torque-slip (or torque-speed) characteristic for an induction machine is 
shown in Figure 9.52. 
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Figure 9.52 - Torque-Slip (or Speed) Characteristic for a Three-Phase Induction 
Machine 

 
 
 An induction motor is said to have a linear torque-speed characteristic because its 
normal operating range is between a slip value of zero and (R2/X2).  The maximum 
torque shown in Figure 9.52 is actually two to three times larger than the rated full-load 
torque for the machine.  The maximum torque is also referred to as a "pull-out" or 
"breakdown" torque because the induction motor becomes unstable when the 
mechanical load is increased beyond the maximum torque capacity.  If this should 
occur, then the induction motor actually produces less torque and hence speed 
decreases rapidly. 
 
 The starting torque of an electrical motor is an important factor.  We can see from 
Figure 9.52 that if we make the ratio (R2/X2) larger, then the characteristic curve will 
have a wider spread around the zero slip point and hence the torque at stand-still (ie: 
starting torque at slip = 1) will be higher.  This can also be deduced mathematically 
from equation (48).  The leakage reactance of the rotor is clearly difficult to alter in a 
practical sense, and so the only mechanism we have for changing the starting torque is 
the variation of rotor resistance.  If we increase the size of the rotor resistance relative 
to the reactance, then the starting torque will increase.  In a wound rotor machine this is 
not difficult to achieve, because we can add additional resistors in series with the rotor 
windings through the slip-ring connections.  The resistance is gradually reduced as the 
machine reaches operating speed and a clutch arrangement is used to internally short-
circuit the slip-rings and lift the brushes to minimise wear. 
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 In order to change the starting torque of a squirrel cage motor, other techniques 
must be employed, because no electrical access is provided to the rotor during machine 
operation.  One alternative is to use two squirrel cages in the rotor, acting in parallel.  
One cage is of low resistance and high inductance and the other is low inductance and 
high resistance.  At stand-still, rotor currents are of a high frequency and hence the bulk 
of current flows through the low inductance (reactance) cage.  At operating speed, rotor 
currents are of a low frequency and so the bulk of the current flows through the low 
resistance winding. 
 
 Another alternative for varying the starting torque of the squirrel cage motor is 
the use of so-called deep-bar rotors.  If the conducting bars in the rotor are sufficiently 
deep, the resistance/reactance characteristic changes with frequency.  At standstill, the 
effective, relative resistance is larger than at full operating speed (low frequency).  This 
is not unlike the skin-effect phenomenon where resistance increases with frequency, as 
current flow tends towards the surface of a conductor. 
 
 The other factor that emerges from the electrical models of the induction motor is 
that at maximum slip (ie: stand-still), the rotor current I2 is also a maximum.  In fact, 
the stand-still or starting current is in the order of six times the full-load current for 
typical motors, started by applying rated voltage to the armatures.  This form of starting 
is referred to as Direct-On-Line (or D.O.L.) starting and is generally not harmful to the 
motor, but can cause problems for the supply.  It is also apparent from equation (48) 
that torque is proportional to the square of the induced rotor voltage (E2), which is in 
turn dependent upon the armature voltage (E1).  For a constant supply terminal voltage, 
the armature voltage drops as the current through the armature causes a larger voltage 
drop through the stator impedance (R1 and X1).  The lower value of E2 causes a 
reduction in the available starting torque. 
 
 As with synchronous machines, in this section we have again concentrated on the 
three-phase machine configuration.  Induction motors can also be produced in single-
phase versions.  We have already seen in 9.3.2 that a single-phase stator will only 
produce a pulsating field and not the smooth rotating field inherent to the three-phase 
configuration.  Nevertheless, single-phase motors are commonly produced, with 
specialised starting mechanisms such as the "split-phase" and "capacitor start" 
techniques described in section 9.3.3.  These motors are often specially designed and 
purpose-built for low-cost applications.  We shall not be analysing them in this text 
because they are generally not used for servo applications and because they have 
widely varying design features. 
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9.4.4 Basics of Induction Motor Speed Control 
 
 There are a number of issues that need to be discussed in relation to induction 
motor speed control.  The first issue relates to the use of induction motors as constant 
speed devices.  We have already noted that the speed of an induction motor changes 
little over a normal operating range of torques.  However, the term "little" is relative 
and normally implies a variation in the order of 10-20%.  This means that if we were to 
use an induction motor to drive a machine tool spindle (for example), then we could 
assume that the induction motor provided approximately constant speed characteristics, 
because we are generally not interested in a high degree of accuracy in rotational speed. 
 
 In terms of servo applications, a speed variation of 20% is substantial and so 
clearly, there need to be techniques established for accurate control of motor speed and 
rotor orientation.  We already know that the induction machine has some of the 
characteristics of the synchronous machine because it essentially has the same type of 
stator winding.  However, we also know that because the induction machine rotor is not 
independently energised, it can not produce torque at synchronous speed in the same 
way as the synchronous motor.  In the synchronous motor, we know that provided we 
do not apply an excessive load, the speed of the motor will be accurately known for a 
given supply voltage and frequency.  We can never, however, run the induction motor 
as such an "open-loop" device, because its speed (slip) varies with mechanical load.  
For servo applications therefore, induction motors need to be incorporated into a closed 
loop system with some mechanism for velocity feedback (either tacho-generator or a 
differentiated position-encoder signal). 
 
 Once we accept that accurate control of induction motor speed needs to be carried 
out in a closed-loop arrangement, we can look at a number of mechanisms for speed 
variation: 
 

(i) Number of motor poles 
(ii) Supply voltage frequency 
(iii) Supply voltage magnitude 
(iv) Rotor resistance 
(v) Insertion of variable frequency voltages into rotor. 

 
 Mechanism (i) works on the principle that the synchronous speed of the motor is 
inversely proportional to the number of magnetic poles in the stator and that by varying 
the number of poles, the motor speed can also be varied.  Although pole-changing 
motors do exist, they clearly cannot provide an infinitely variable range of speeds for 
servo applications and are therefore of little use in most mechatronic applications. 
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 Mechanism (ii) works on the principle that the synchronous motor speed is 
proportional to the frequency of the supply voltage and that by changing the supply 
frequency, the motor speed can be accurately varied.  This technique is the most 
prevalent modern method of accurate speed control because it is energy efficient and 
feasible to implement using modern power electronics drive circuits controlled by low 
cost microprocessors or Digital Signal Processors (DSPs).  Speed control strategies 
actually focus on controlling the orientation of the rotating flux vector (by changing 
supply frequency).  However, if the supply voltage frequency is varied, then the 
magnitude of the voltage also needs to be varied in order to maintain a constant flux 
density in the motor and thus retain a constant value of maximum torque. 
 
 Mechanism (iii) stems from equation (48) which indicates that for a constant 
torque, variation of the terminal voltage and hence E1 and E2 will cause a variation in 
speed.  This technique is in fact used with smaller squirrel cage motors, but clearly 
relies on achieving sufficient torque at a given speed. 
 
 Mechanism (iv) also stems from equation (48) and provides a simple technique 
for speed variation.  However, it clearly depends upon the use of a wound rotor 
configuration and thereby diminishes one of the most significant advantages of the 
induction motor.  For servo motor applications, the use of an induction motor with 
brushes provides little if any advantages over the use of a d.c. machine. 
 
 Mechanism (v) is again related to the use of wound rotor induction motors and 
entails the energising of rotor windings with complex variable frequency voltages.  This 
is by far the most complex technique for speed control and effectively eliminates nearly 
all the inherent advantages of the induction motor over other electrical machines.  For 
servo control applications this has no benefits over the use of a d.c. machine that can be 
driven with simpler circuits and controls. 
 
 It is apparent that, given sufficient processing power and low cost power 
electronics devices, that mechanism (ii) (variation of supply frequency in squirrel cage 
motors) has the most potential for modern servo systems.  However, it must also be 
remembered that induction motors are also used in a wide range of other applications 
within industry.  In particular, induction motors are widely used as spindle motors on 
CNC machines.  In these instances, speed variation is also required, but the accuracy of 
the variation is not critical.  A number of machines still resort to driving spindles via 
gear-box arrangements in order to facilitate broad changes of spindle-speed. 
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9.5 Stepping (Stepper) Motors 
 
 Stepper motors are slightly different from the other motors examined in this 
chapter because they are seldom used in closed velocity or position loop servo systems.  
In fact, the stepper motor is generally used as an "open-loop" alternative to the servo 
systems applied to traditional motor problems.  Stepper motors are typically small in 
size and cost and are normally categorised as "fractional horsepower" motors.  
However, they are an important part of many smaller mechatronic systems, so we need 
to include a brief description of their attributes for the sake of completeness.  A stepper 
motor is shown schematically in Figure 9.53. 
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Figure 9.53 - Schematic of Stepper Motor with 4-Phase Stator and 2-Pole Rotor 
 
 
 The basic purpose of the stepper motor is to provide a relatively accurate 
positioning (or indexing) facility that can be driven in an open-loop manner by a digital 
circuit or computer.  Some manufacturers even label their stepper motors as "indexers", 
because that is their primary function. 
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 In Figure 9.53, we see the stepper motor armature energised by four currents.  
These currents can either be provided by a computer output, suitably scaled, or more 
commonly by electronic drive circuitry provided with the stepper motor arrangement.  
In many instances, the drives are configured so that they can be simply and directly 
triggered by low level voltage and current outputs from a computer system.  As we 
shall now observe, the stepper motor currents are not sinusoidal but switched, d.c. 
inputs. 
 
 The stepper motor, as its name suggests, can be made to rotate from one stator 
pole to another by sequentially exciting each phase of the armature.  It is this stepping 
characteristic, rather than its torque-speed characteristics that are of primary interest.  
Within the accuracy limits of the motor, and assuming it is not overloaded, it is 
possible to use stepper motors for a myriad of applications, without the need to develop 
the complex drives and closed-loop control algorithms required by other types of 
motors.  Typical applications for stepper motors could include such diverse 
applications as drives for x-y plotters and axis/work-piece positioning devices in 
machines. 
 
 The stepper motor is essentially a multi-pole synchronous motor, with a 
permanent magnet supplying the magnetic field for the rotor.  The four-phase motor 
arrangement, shown in Figure 9.53, works with a rotor composed of a 2-pole permanent 
magnet.  Energising each of the phase windings sequentially creates a Lorentz force (& 
hence torque) causing the rotor to align itself with a stator pole.  For example, if phase 
"a" becomes energised for a sufficiently long period, then the rotor will rotate a quarter 
turn anticlockwise where the field produced by phase "a" and the rotor field are 
aligned.  Energising phase "b" will cause the rotor to move another quarter turn and so 
on.  The timing diagram for the phase currents is shown in Figure 9.54. 
 
 This simplistic arrangement, shown in solid line in Figure 9.54, apparently only 
gives us the ability to index to within 90°.  In fact, we can also energise two windings 
simultaneously, thereby changing the effective position of the stator poles.  The net 
effect is that we can actually position this particular system to a resolution of 45°.  This 
concept is shown in the dotted lines in Figure 9.54. 
 
 Increasing the number of stator phases and rotor poles on a stepper motor 
increases the resolution to which we can index the motor.  In particular, we can 
increase the number of rotor poles, since they do not actually need to match up with the 
number of stator poles in order for the motor to function.  A larger number of rotor 
poles not only provide a higher resolution but also lead to smoother motor operation. 
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 Another issue related to stepper motors is the number of steps per second at 
which the motor can physically operate.  Each current pulse corresponds to a quantum 
of electrical energy, which is converted to mechanical energy through the provision of 
torque to the rotor.  If we make the current pulses too short in duration, then we may 
not provide sufficient energy for the rotor to move from one step to the next.  In other 
words, stepper motors have an effective slew rate that limits the speed at which current 
switching can occur.  This ultimately means that as the mechanical load on the motor is 
increased,  the stepping speed must be reduced in order to provide sufficient torque to 
rotate the load. 
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Figure 9.54 - Driving Currents in a 4-Phase Stepper Motor 
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 The difficulty with applying stepper motors to a range of problems is that because 
they are open loop, assumptions need to be made about the maximum torque applied to 
the motor shaft.  In a conventional servo system, even if the mechanical load 
instantaneously exceeds the rated torque output of the machine, it is still possible for 
the servo to achieve an end position accurately.  In the stepper motor however, an 
excessive load (even if instantaneous) can cause the rotor to miss a step and hence 
irrecoverably lose positional accuracy, because there is no positional output. 
 
 With these limitations in mind, there are still innumerable open-loop situations in 
which the stepper motor can be effectively applied to eliminate the need for closed loop 
servo systems.  Stepper motors can also be configured to operate in a closed servo loop.  
However, there is little advantage in doing so because the cost of the end system 
becomes comparable to that of a system incorporating traditional a.c. or d.c. motors 
which provide smoother torque-speed characteristics and a much wider range of power 
options. 
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9.6 A Computer Controlled Servo Drive System 
 
 The term "servo drive" has developed a number of different connotations over the 
years and is now somewhat ambiguous.  Depending upon which text or promotional 
literature one reads, the term servo drive can refer to: 
 

• The motor, power electronics amplification stage, feedback and computer 
control system 

• The power electronics amplification stage that drives the motors 
• The power electronics and computer control system 
• The motor, shaft and ball-screw feed arrangement. 

 
Although rather different, all the definitions tend to allude to the fact that the servo 
drive is part of, or all of, a closed-loop positioning system, composed of a motor, power 
electronics, feedback and control components. 
 
 Older servo drive systems had no computer control component and simply 
provided an analog amplification stage whose output was proportional to the difference 
between a position feedback signal (originally from a potentiometer) and a reference 
signal (obtained by adjusting a manual potentiometer).  The negative feedback could be 
achieved via a differential amplifier circuit.  The arrangement is shown in Figure 9.55.  
This simple form of proportional control was used for many years. 
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Figure 9.55 - A Simple Proportional Feedback Servo Control System 
 
 
 A number of linear elements (differentiator and integrator circuits) could be 
added to the existing system to create more sophisticated forms of control such as in 
Proportional, Integral Differential (PID) based systems. 
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 Most of the older servo control systems were based on d.c. motors because speed 
could be easily controlled by variation of terminal or armature voltage.  Attempts were 
also made at developing analog control systems for a.c. (synchronous and induction) 
motors but these were rather unwieldy because of the difficulty in generating variable 
frequency terminal voltages using the then limited circuitry. 
 
 The low cost of digital circuitry means that the traditional servo system can be 
made far more intelligent through the introduction of dedicated microprocessor/DSP 
controllers or a personal computer control.  The analog feedback stage is eliminated by 
replacing the potentiometer with a digital encoder.  The amplification of the driving 
force signals produced by the processor can either remain as analog or be converted to 
a more compact, energy-efficient, digital form using a PWM amplifier.  The various 
alternatives are shown in Figure 9.56. 
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Figure 9.56 - Intelligent Servo Drives 
(a) Retaining Analog Amplification 
(b) Complete Digital Servo Drive 
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 In Figure 9.56, the "intelligent processing" portion of the drive can carry out 
functions such as differentiation and integration of feedback signals so that only 
position feedback is required.  This leaves scope for both simple proportional control as 
well as PID control or any other suitable algorithm. 
 
 In Figure 9.56 (a), a linear amplifier circuit can be designed or purchased to 
amplify the analog output waveform produced by the D/A converter.  Although this has 
traditionally been the way of achieving the required result, the linear amplifier 
generates a substantial amount of heat because the transistors therein are acting as 
variable resistors that control the flow of energy from the supply rails to the output 
stage (ie: the motor). 
 
 In Figure 9.56 (b), a commercially available PWM circuit provides a digital 
output, with a duty cycle governed by a digital output from the intelligent processing 
section.  The low power digital output is then connected to the base/gate of a BJT/FET 
device that switches between supply rails.  The result is a high power digital output 
voltage waveform, the average value of which is governed by the duty cycle of the 
PWM.  In servo applications, the motor has to spin in both directions and so the 
amplifier circuit must be capable of switching the polarity of the voltage applied to the 
armature terminals.  The total circuit is then composed of four power transistors, 
configured in what is referred to as a "H-Bridge" formation and driven by the PWM 
output and combinational logic that defines motor direction.  This is shown in Figure 
9.57. 
 
 

Motor
Load

+V

-V

ba

1 2

3 4

 
 
Figure 9.57 - "H-Bridge" Amplifier Configuration, Driven by PWM Output Coupled 

With Combinational (Boolean) Logic 
 

 
 The inductance of the armature and/or field windings of the machine is normally 
sufficient to smooth the current flowing through the windings and so the machine runs 
efficiently even with the digital input waveform. 
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 PWM based amplification techniques are most important because they can reduce 
the physical size and complexity of power drive circuits.  Provided that some intelligent 
processing is provided, then PWM amplification can also be applied to generate the 
variable frequency, three-phase voltage waveforms needed to drive synchronous and 
induction motors.  The techniques used to achieve this are considerably more complex 
than those required for a d.c. motor drive because they are effectively aimed at 
controlling the orientation of the rotating flux vector.  However, they are nevertheless 
used to generate commercially viable, compact a.c. servo motor drives. 
 
 The "intelligent processing" (controller) portion of the servo drive can be 
implemented in a number of different ways, depending on system requirements.  For a 
single motor drive, the most likely scenario is that the processing will be carried out by 
a dedicated microprocessor or DSP based circuit that may even be built onto the same 
board (card) as the power amplification stage.  In this case, additional inputs to the 
servo drive controller will come from some external system such as another computer 
(the host) to set the reference positions for the motor.  The connection between the 
servo drive controller and the host can either be: 
 

• Hard-wired 
• A point-to-point serial or parallel communications link 
• A serial or parallel communications network (as shown in Figure 9.58). 

 
The combination of a host (which may also be a general-purpose computer or dedicated 
controller) with the servo drive controllers is the common basis for CNC machine and 
robot control. 
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Figure 9.58 - A Distributed Control System Based Upon a Number of Intelligent 
Servo Drive Systems 
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 If the servo control system was intended for some special purpose, where it was 
important that some user interaction occurred during operation, then it may be sensible 
to use a general-purpose personal computer as the controlling processor.  This provides 
a low cost (and already implemented) screen/keyboard/mouse/disk-drive interface.  In 
this case, the combination of the PC, amplification stage, feedback stage, etc. becomes 
the servo drive system. 
 
 Another possible arrangement is a hybrid between the above two cases and is 
available as a commercial entity.  In the hybrid solution, a number of intelligent 
(microprocessor or DSP controlled) servo cards can be plugged into the back-plane bus 
of a personal computer.  The actual intelligent control of the motors is carried out by 
the servo cards and the personal computer acts as a host system that can dispatch 
commands to each of the servo drive cards.  This too can be used to create a robotic or 
CNC control system.  However, such a system has to be designed with care if the drive 
cards, containing the amplification stage (which generates considerable heat) are placed 
within the same casing that contains the personal computer mother-board. 
 
 It is also interesting to note that a number of variations exist between 
commercially available servo drive cards, regardless of whether they are for a.c. or d.c. 
motors and regardless of how they connect to host systems.  Some servo drive cards are 
essentially closed velocity loop systems - in other words, the reference input to the 
cards represents velocity and not position.  The feedback loop is closed when the motor 
reaches the reference velocity.  As noted in Chapter 2, velocity loop control of servo 
motors is sometimes used in CNC or robot control systems to help stabilise the end-
system in what is a dual-feedback loop system, reproduced in Figure 9.59. 
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Figure 2.10 - Schematics of a CNC or Robotic Axis Control System 
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 The end result is a multiple-axis positioning system that is used in a wide range 
of CNC machines, robots and other high-accuracy applications.  A complete system is 
composed of: 
 

• A mechanical end-effector (the external system), coupled to one or more 
servo drives by a range of linkages or ball-screw feeds 

• A range of feedback transducers (encoders, resolvers, tacho-generators, 
etc.) 

• Feedback scaling devices for linear feedback elements 
• A/D conversion for analog feedback elements 
• A controlling computer 
• D/A converters for analog motor drives 
• Amplification circuits (analog or digital PWM based) 
• Electromagnetic actuators (d.c. or a.c. motors). 

 
When one considers these elements, one can correlate them with the overall interfacing 
picture that has been presented throughout the course of this book. 
 
 
 
 
 
 
 


